
Spatio-Temporal Dynamics Before Population Collapse 

by 

Lei Dai 

B.S., University of Science and Technology of China (2009) 

 

Submitted to the Department of Physics 

in Partial Fulfillment of the Requirements for the Degree of 

Doctor of Philosophy 

at the 

MASSACHUSETTS INSTITUTE OF TECHNOLOGY 

September 2014 

 

© 2014 Massachusetts Institute of Technology. All rights reserved 

 

Signature of Author______________________________________________________________ 

Department of Physics 

August 29, 2014 

Certified by____________________________________________________________________ 

Jeff Gore 

Latham Family Career Development Assistant Professor of Physics 

Thesis Supervisor  

Accepted by___________________________________________________________________ 

Krishna Rajagopal 

Professor of Physics 

Associate Department Head for Education 

1 
 

http://web.mit.edu/Physics/people/faculty/rajagopal_krishna.html


 

2 
 



Spatio-Temporal Dynamics Before Population Collapse 

by 

Lei Dai 

 

Submitted to the Department of Physics 

on August 29, 2014 in Partial fulfillment of the 

requirements for the Degree of Doctor of Philosophy in Physics 

 

Abstract 

Theory predicts that the approach of catastrophic thresholds in natural systems may result in an 

increasingly slow recovery from small perturbations, a phenomenon called critical slowing 

down. In this thesis, we used replicate laboratory populations of the budding yeast 

Saccharomyces cerevisiae for direct observation of critical slowing down in spatio-temporal 

dynamics before population collapse.  

In the first project, we mapped the bifurcation diagram experimentally and found that the 

populations became more vulnerable to disturbance closer to the tipping point. Fluctuations of 

population density increased in size and timescale near the tipping point, in agreement with the 

theory. 

In the second project, we used spatially extended yeast populations to evaluate early 

warning signals based on spatio-temporal fluctuations. We found that indicators based on 

fluctuations increased before collapse of connected populations; however, the magnitude of 

increase was smaller than that observed in isolated populations, as local variation is reduced by 

dispersal. Furthermore, we propose a generic indicator based on deterministic spatial patterns, 

recovery length. In our experiments, recovery length increased substantially before population 

3 
 



collapse, suggesting that the spatial scale of recovery can provide a warning signal before tipping 

points in spatially extended systems. 

In the third project, we characterized how different environmental drivers influence the 

dynamics of yeast populations. We compared the performance of early warning signals across 

multiple deteriorating environments. We found that the varying performance is determined by 

how a system responds to changes in a specific driver, which can be captured by a relation 

between stability and resilience. Furthermore, we demonstrated that the positive correlation 

between stability and resilience, as the essential assumption of indicators based on critical 

slowing down, can break down when multiple environmental drivers are changed simultaneously.  

 

Thesis Supervisor: Jeff Gore 

Title: Latham Family Career Development Assistant Professor of Physics 
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Chapter 1: Introduction 

1.1 Motivation  

The Earth’s environment is experiencing significant challenges, mainly due to the impact of 

human actions. The loss of biodiversity, caused by both global climate change and local 

environmental degradation, is one of the most urgent environmental issues. The increasing rate 

of extinction of species, which has not been seen since the last global mass-extinction, could lead 

to irreversible changes to the ecosystems that humans rely on. Thus, to maintain a sustainable 

planet, it is crucial that we understand and manage the environment successfully. 

One common phenomenon in ecology is that small changes in an environmental driver 

can lead to large responses in the ecosystem. Consider a species living in an environment that is 

slowly deteriorating due to habitat destruction, global climate change, etc. The population may 

have been in some stable state for decades, but it is nonetheless possible for the population to 

suddenly go extinct in a very short time period. The abrupt collapse of Saharan vegetation 

around 5000 years ago and the recent dramatic shift of Caribbean coral reefs into an algal 

encrusted state are two examples of such sudden large shifts in ecosystems (1). The underlying 

mechanism of such phenomena is that an ecosystem can have multiple stable states and can 

therefore respond to a change in conditions in a non-linear way (Figure 1). As environmental 

degradation slowly pushes the system towards the threshold, the resilience of the system, or its 

tolerance to fluctuations, is weakened. Thus a small perturbation could cause the ecosystem to 

jump to a state far away from the original state. 

The growing interest in studying catastrophic shifts opens up an interdisciplinary research 

area between physics and ecology. In physics, when systems approach a phase transition (a 
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similar phenomenon to the catastrophic shifts), the time for the system to recover from a 

perturbation increases to infinity. This behavior, which is a general property of such phenomena, 

is called critical slowing down (2–5). The theory of critical slowing down provides powerful 

tools to predict the possibility of a catastrophic shift with time-series data. Suppose we have a 

series of observation of the ecosystem at different time points. Based on these data we can 

calculate statistical indicators such as variance to describe how large the fluctuations are, or 

autocorrelation time to quantify the extent to which a system state is related to its previous states. 

Theory suggests that these statistical indicators can be used as early warning signals of 

catastrophic shifts (e.g. population collapse), because they will increase as the system is getting 

closer to the threshold (6, 7). 

One of the outstanding challenges is to test the theoretical warning indicators in living 

systems. My thesis projects aim to evaluate early warning signals before population collapse in 

laboratory microbes and investigate their potentials for application in real-world scenarios. 

 

1.2 Experiment 

We use laboratory populations of yeast Saccharomyces cerevisiae as a model system to 

understand ecological phenomena (8–11). They serve as constructed ecosystems in which 

physical and biological constraints can be manipulated to allow controlled studies of ecological 

processes, and they provide important insights for sound application of ecological theory to 

natural ecosystems (12, 13). 

Saccharomyces cerevisiae, also known as the budding yeast or baker's yeast, is the most 

useful and well-studied species of yeast. In the past few decades, yeast has established itself as a 
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model organism in various areas of biology, including cellular and molecular biology (14), 

genetics (15) and ecology and evolution (16). 

Our experimental system is a population of cooperatively growing yeast. Yeast hydrolyze 

sucrose outside the cell and benefit from the hydrolysis products of other cells in the population 

(17). Because of the cooperative sucrose metabolism of yeast, the population can be manipulated 

to show the desired Allee effect in population dynamics: an observation that the per capita 

growth rate of many animal populations is maximal at intermediate densities (18). The 

cooperative breakdown of sucrose by yeast is analogous to the cooperative behaviors in natural 

populations that lead to the Allee effect.  

In our experiment yeast populations go through a death-birth process every day. The 

death is introduced by a daily dilution procedure through which only a fraction of the population 

is chosen to survive for the next day. The growth is set up in a well-mixed rich liquid media with 

sucrose as the sole carbon source. The environment can be easily tuned by changing death rates 

and nutrient levels. Every 24 hours, the cell density is monitored to test the population viability 

and generate time-series data for statistical analysis. We also model the growth of yeast 

population with difference equations and evaluate the statistical indicators by stochastic 

simulations.  

 

1.3 Outline 

In the laboratory yeast system, we can deteriorate the environment in a controlled setting by 

increasing the level of daily dilution. Because of the Allee effect, yeast populations would 

collapse beyond a threshold of dilution. In Chapter 2, we find that closer to the tipping 
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point there is a significant increase in the size and timescale of fluctuations of population density, 

in accordance with theory and simulations (19). Our results suggest that critical slowing 

down may provide advance warning of tipping points in a variety of dynamical systems. 

In reality, populations live in different patches and are connected by dispersal. Spatially 

resolved data provide us more information but also add complexity into the analysis. How does 

spatial coupling such as population dispersal influence the pattern of fluctuations? How do we 

incorporate spatial information into the current toolbox of warning indicators, which are mostly 

based on time-series data? In Chapter 3, we use spatially extended yeast populations (i.e. 

metapopulation) as well as coupled map lattice models to address the above questions (20).  

Critical slowing down is a generic property of dynamical systems in the vicinity of 

bifurcations. In Chapter 4, we test the generality of warning indicators experimentally by tuning 

different environmental drivers of the yeast system. Combining experimental data and modeling, 

we evaluate the performance of warning indicators before population collapse 

in multiple deteriorating environments. We propose that the relation between stability and 

resilience provides a framework to explain the varying performance of early warning signals 

under different drivers. 
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Figure 1. Tipping points and catastrophic shifts in ecosystems. Solid lines correspond to 

stable system states, dashed lines correspond to unstable system states. At tipping point F2, in 

response to a small change in conditions, the system undergoes a catastrophic shift to an 

alternative stable state (Adapted from reference (19)). 
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Chapter 2: Critical slowing down provides advance warning of 

population collapse 

This chapter is adapted from the manuscript: 

“Generic indicators for loss of resilience before a tipping point leading to population collapse” 

Dai, L., Vorselen, D., Korolev, K.S. and Gore, J. Science 336, 1175-1177 (2012) 

 

Abstract 

Theory predicts that the approach of catastrophic thresholds in natural systems (e.g. ecosystems, 

the climate) may result in an increasingly slow recovery from small perturbations, a phenomenon 

called critical slowing down. We used replicate laboratory populations of the budding yeast 

Saccharomyces cerevisiae for direct observation of critical slowing down before population 

collapse. We mapped the bifurcation diagram experimentally and found that the populations 

became more vulnerable to disturbance closer to the tipping point. Fluctuations of population 

density increased in size and timescale near the tipping point, in agreement with the theory. Our 

results suggest that indicators of critical slowing down can provide advance warning of 

catastrophic thresholds and loss of resilience in a variety of dynamical systems. 

 

2.1 Introduction 

Natural populations can experience catastrophic collapse in response to small changes in 

environmental conditions, and recovery after such a collapse can be exceedingly difficult(1, 2). 

Tipping points marking population collapse and other catastrophic thresholds in natural systems 
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may correspond to a fold bifurcation in the dynamics of the system(3–6). Even before crossing a 

tipping point, a system may become increasingly vulnerable to perturbations due to loss of 

“ecological resilience” (i.e. size of the basin of attraction)(4, 7). There has been a growing 

interest in the possibility of using generic statistical indicators, primarily based on critical 

slowing down, as early warning signals of impending tipping points in various systems(8–16). In 

dynamical systems theory, critical slowing down refers to the slow recovery from small 

perturbations in the vicinity of bifurcations(8, 17). As the system approaches a bifurcation, the 

time needed to recover from perturbations becomes longer(11, 18) and hence the system 

becomes more correlated with its past, leading to an increase in autocorrelation. In addition, the 

perturbations accumulate and result in an increase in the size of the fluctuations(10). Other 

statistical indicators, such as skewness, have also been proposed as warning signals due to the 

change in stability landscape before bifurcations(19).  

An increase in variance or autocorrelation of fluctuations of the system has been 

observed before the regime shift in a lake ecosystem(13), abrupt climate change (9, 14), 

transitions in coordinated biological motion(20) and the cascading failure of the North America 

Western Interconnection power system(21), suggesting the existence of bifurcation-type tipping 

points and associated critical dynamics in many systems. The complex dynamics underlying 

these systems makes it difficult to determine the nature of the transitions and calls for studies in 

controlled systems. Recent studies in laboratory water fleas(12) and cyanobacterial 

monoculture(16) measure the warning signals in controlled conditions. However, the transition 

in the deteriorating-environment experiment of water fleas, probably due to a transcritical 

bifurcation, is non-catastrophic (fig. S1). Moreover, in both systems the tipping points were not 

determined directly by experiments. Demonstration of early warning signals before an 
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experimentally mapped fold bifurcation in a live system is thus still lacking. Such a study can 

also test directly the possibility of using critical slowing down to indicate loss of ecological 

resilience, as suggested previously in models(11). Here we present an experimentally constructed 

bifurcation diagram and clear evidence of both loss of resilience and critical slowing down 

before a fold bifurcation leading to population collapse. 

A catastrophic threshold may underlie the collapse of many natural populations subjected 

to a deteriorating environment. Likely examples are the collapse of sardine stocks off California 

and Japan in the late 1940s and the collapse of the Canadian cod fishery in the 1990s(1, 2). One 

reason for such sudden collapse is that the per capita growth rate of many populations is maximal 

at intermediate densities and negative at low densities, a phenomenon called the strong Allee 

effect(22). At high population densities, the per capita growth rate is reduced because of resource 

competition; at low population densities, the per capita growth rate can be negative because of 

the difficulty to find mates, to form groups for hunting or predator avoidance, and to engage in 

other cooperative behaviors. The Allee effect has been observed across many species and has 

major impacts on the dynamics and viability of populations(23, 24). As the environment 

deteriorates, a population subject to a strong Allee effect is pushed across a fold bifurcation, 

beyond which it enters a catastrophic collapse that can be difficult to reverse. Near the 

bifurcation, a population becomes less resilient because the basin of attraction around the stable 

state shrinks, elevating the chance of extinction by stochastic perturbations. The approach of 

catastrophic thresholds and the accompanying loss of resilience can occur without a significant 

preceding drop in population density and are difficult to predict due to incomplete understanding 

of the population dynamics and the lack of field data to determine model parameters(25). Thus, 
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finding early warning signals before catastrophic collapse of populations has important 

implications in successful environmental management(4, 26). 

 

2.2 Results 

We used the cooperative growth of budding yeast in sucrose to realize the Allee effect. Yeast 

cells hydrolyze the sugar sucrose outside of the cell, meaning that yeast can benefit from the 

hydrolysis products of other cells in the population(27). This cooperative breakdown of sucrose 

makes the per capita growth rate of yeast ~40% higher at intermediate cell densities than at low 

cell densities (fig. S2), thus displaying the desired Allee effect.   

We observed bistability in population density by starting yeast cultures with a wide range 

of initial cell densities and performing daily dilutions into fresh media. During the daily dilution, 

only a small fraction (e.g. 1 in 750, for dilution factor 750) of the population was transferred to 

the new media with 2% sucrose. This is equivalent to introducing a mortality rate and led to a 

negative growth rate at low initial cell densities. Therefore, cultures starting below a critical 

density went extinct, whereas cultures starting at higher initial densities survived and reached a 

finite stable fixed point (Fig. 1A, B). Due to stochastic perturbations, we found that replicate 

populations starting near the critical density (unstable fixed point) split, with some populations 

surviving and others going extinct. An analysis of the change in population density between 

subsequent days as a function of the density on the first day allowed for the identification of both 

stable and unstable fixed points for a given dilution factor (Fig. 1C, D). As expected, the 

cooperative growth of yeast populations in sucrose led to maximal growth at intermediate 

densities. 
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Performing these experiments for eight different daily dilution factors(28), we mapped 

out an experimental bifurcation diagram describing yeast growth in sucrose (Fig. 1E). At small 

dilution factors (250), yeast populations were always able to reach a stable non-zero fixed point. 

At intermediate dilution factors (500-1600), the population displayed bistability due to 

cooperative growth, with one stable fixed point at a finite population density and the other at 

extinction. As the dilution factor (i.e. the mortality rate) was increased, the population density at 

the non-zero stable fixed point decreased and the population density at the unstable fixed point 

increased (Fig. 1 C, D, E). A fold bifurcation occurred where the stable and unstable fixed points 

“collide” and annihilate. For higher dilution factors, populations always collapse as extinction is 

the only stable state. We constructed a simple deterministic model of yeast growth based on the 

experimentally observed slow exponential growth at low population densities and faster logistic 

growth at higher population densities (fig.S2, fig.S4). With this simple two-phase growth model, 

we were able to fit the experimental bifurcation diagram using parameter values that agree well 

with those measured in independent experiments (table S1).  

Closer to the bifurcation we expect the population to become more vulnerable to 

perturbations(4, 11). In our experimental bifurcation diagram, loss of ecological resilience is 

manifested as the shrinking basin of attraction between the stable and the unstable fixed points 

(Fig. 1E). Natural disturbances are then more likely to push the population across the unstable 

fixed point, leading to extinction. We tested the resilience of yeast populations at different 

dilution factors by a mild salt shock of sodium chloride for one day (Fig. 2). As expected, 

populations at low dilution factors were able to recover from the perturbation while those at 

higher dilution factors were not able to withstand the shock and went extinct. The decreasing 

capacity of a population to recover from perturbations without shifting to an alternative state 
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provides an empirical demonstration of loss of resilience before a tipping point. 

We then used our experimental system to test whether theoretically predicted early 

warning signals can be observed before the fold bifurcation. Once the populations at different 

dilution factors reached equilibrium (stable fixed points), we tracked the fluctuations of 

population density for five days and calculated the proposed early warning signals over an 

ensemble of at least 46 replicate yeast populations(28). Upon approach of the fold bifurcation we 

observed a clear increase in the size of the fluctuations (Fig. 3A, B, C). Both the coefficient of 

variation and the standard deviation began to increase substantially around dilution factor 1000, 

well before the bifurcation. The coefficient of variation increased by more than a factor of four, 

while the standard deviation more than doubled.  

We also measured the autocorrelation time, which characterizes the typical timescale of 

correlation between fluctuations at different points in time. The autocorrelation time increased 

significantly for dilution factors larger than 1200, from less than two days to more than a week 

(Fig. 3A, D). In addition, we estimated the characteristic return time to the stable fixed point by 

fitting an exponential relaxation (fig. S5). We observed a clear increase in return time, which in 

theory equals the autocorrelation time(11, 18).    
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Fig. 1. Cooperative growth of yeast in sucrose leads to bistability and a fold bifurcation. (A 

to B) Individual populations started at different initial densities were grown in 2% sucrose with 

daily dilutions into fresh media [dilution factor 750 (A), (C) and 1400 (B), (D)]. Small 

populations below a critical density (an unstable fixed point) went extinct (red traces), while 

larger populations converged (blue traces) and maintained a stable density (a stable fixed point). 

(C to D) The stable and unstable fixed points can be identified as fixed points at which the ratio 

of population densities between subsequent days 1 1t tn n+ = , tn : population density at day t (t =1 

to 6). As the daily dilution factor is increased, the two fixed points approach each other. (E) The 

stable and unstable fixed points measured by experiments are shown in symbols (fig.S3); the 

lines represent a typical fit given by the two-phase growth model (fig. S4). A fold bifurcation 

occurs at a dilution factor where the stable and unstable fixed points “collide” and annihilate. 
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Fig. 2. The resilience of yeast populations decreases with dilution factor. The populations 

were grown at fixed daily dilution factors and stabilized during the initial four days. A mild salt 

shock of sodium chloride at 30 g/L was given during day 5 (top). Populations at low dilution 

factors were able to recover while those at higher dilution factors were pushed across the 

unstable fixed point by the perturbation and went extinct (bottom).  
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Fig. 3. Critical slowing down leads to increasing variation and autocorrelation time in 

population density near the fold bifurcation. (A) Changes in the distribution and temporal 
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correlation of deviations from the stable fixed point. One condition (dilution factor 750) is far 

from the bifurcation, another condition (dilution factor 1400) is closer to the bifurcation. (B) 

Coefficient of variation; (C) Standard deviation; (D) Autocorrelation time; (E) Skewness. Both 

the size and the timescale of the fluctuations of the population density increased before the fold 

bifurcation; no systematic change in skewness was observed. Indicators were calculated based on 

an ensemble of at least 46 replicate populations over a span of 5 days after they converged to the 

stable fixed point. Deviation was calculated by subtracting the sample mean on each day. Data 

shown in the histogram include 5 days; t =1 to 4 for temporal correlation plots. Error bars are 

standard errors given by bootstrap(28).  
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2.3 Discussion 

The observation that fluctuations of population density became larger and more correlated 

clearly indicated critical slowing down. Moreover, our experimental observations were supported 

by simulations of a stochastic difference equation based on the two-phase model of yeast growth 

(fig. S6). Previous studies in different systems, including a whole-ecosystem experiment in 

lakes(13), laboratory cyanobacterial monoculture(16) and paleoclimate data(9, 14), revealed 

early warning indicators before a fold bifurcation predicted by models. Our study with an 

experimentally constructed fold bifurcation revealed all the indictors associated with critical 

slowing down. The observation of early warning signals in various systems is lending support to 

the notion that critical slowing down is a universal phenomenon preceding transitions in complex 

systems. 

A primary advantage of laboratory experiments is that it is possible to compare the 

quality of different early warning signals in a well-controlled system. With this goal in mind we 

tested skewness, a suggested early warning signal not based on critical slowing down(19). The 

skewness, which measures the asymmetry of fluctuations in population density, is expected to 

increase in magnitude near the fold bifurcation because of asymmetrical changes in the stability 

landscape. Indeed, there has been some experimental support for the change in skewness as an 

early warning signal(12, 13). However, in our data there was no systematic change in skewness 

(Fig. 3E). Stochastic simulations of yeast growth suggest that no change in skewness should be 

detectable with our sample size (fig. S7). Moreover, as the dilution factor is increased in the 

model, both sides of the stability landscape become flatter and the magnitude of skewness 

actually decreases, in contrast to previous theoretical arguments(19). Thus, both the experimental 

data and simulation suggest that skewness is not a good warning signal in our system. 
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In our controlled study of laboratory yeast populations, we have shown that critical 

slowing down can provide early warning signals for loss of resilience before a fold bifurcation 

that leads to catastrophic population collapse. Monitoring and maintaining resilience is essential 

to ecosystem management since loss of resilience renders ecosystems more vulnerable to 

undesirable shifts(4, 7, 11, 29, 30). Our results and work by others(12, 13, 16) suggest that a set 

of generic indicators may aid in the sustainable management of fragile ecosystems. As signals of 

critical slowing down based on time-series demand observations over a long span, which are 

often difficult to obtain in the field, finding other indicators based on spatial structure could be 

complementary to the early warning signals studies here. 

 

2.4 Supplementary Materials  

Materials and Methods 

Experimental protocols 

We used a yeast strain derived from haploid cells BY4741 (mating type a, EUROSCARF). All 

experiments were performed in 200 μl batch culture on BD Falcon 96-well Microtest plates at 

30 °C using synthetic media (Yeast Nitrogen Bases + Nitrogen, Complete Supplement Mixture) 

supplemented with sucrose. Cultures were maintained in a well-mixed condition by growing in a 

shaker at 825 r.p.m. To avoid evaporation and contamination across wells, the plates were 

covered with Parafilm Laboratory Film. The 20% sucrose stock solution was filter-sterilized and 

stored with 1mM Tris buffer, pH 8.0, to prevent acid-catalyzed autohydrolysis. In all 

experiments we manually added a trace amount of glucose 0.001%, so that the monosaccharide 

concentration in sucrose stock (<0.0001%) can be ignored.  
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Serial dilutions were performed daily (23 hours of growth) with variable dilution factors. The 

eight dilution factors for the experimental data presented in Fig. 1 and Fig. 3 are 250, 500, 750, 

1000, 1133, 1266, 1400 and 1600. Population densities were recorded each day before the serial 

dilution by measuring optical density at 620 nm using a Thermo Scientific Multiskan FC 

microplate photometer and periodically confirmed by plating (Figure S8).  

 

Calculation of indicators 

Statistical indicators were calculated at each observation time over an ensemble of replicate 

populations. The standard errors and confidence intervals of the indicators were given by 

bootstrap. The formulas of indicators and bootstrap procedures are presented in the next two 

sections. 

In all the analysis we ensured environmental homogeneity by excluding populations with 

systematic differences in density, which are presumably caused by errors in daily dilution. For 

the eight dilution factors, the total number of replicate populations used for calculating indicators 

shown in Fig.3 is 70, 55, 56, 48, 46, 48, 49 and 48, respectively. Indicators calculated over the 

entire ensemble without imposing any selection display similar trends with larger increases 

(Figure S9).  

 

Formula 

1) Sample standard deviation: 2

1

1 ( )
1

n

i
i

s x x
n =

= − < >
− ∑  

 x< > : the sample mean. 
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2) Coefficient of variation: the sample standard deviation divided by the sample mean. 

3) Sample skewness: 3
1 3/2

2

mg
m

=  

3m : the sample third central moment; 2m : the sample variance. 

4) Autocorrelation time τ  

The autocorrelation time τ  was calculated as 1/e τρ −= , where lag-1 autocorrelation ρ  was 

estimated by the sample Pearson’s correlation coefficient between the population densities at 

subsequent days over all replicate populations.  

The sample Pearson’s correlation coefficient: 
1

, , 1 1
1

( )( )
1

1
t t

n

i t t i t t
i

x x

x x x x

n s s
ρ

+

+ +
=

− < > − < >
=

−

∑

  

,i tx : sample i at day t; tx< > : the sample mean at day t;  
txs : the sample standard deviation 

at day t. 

Negative lag-1 autocorrelation would be meaningless for calculation of autocorrelation time, 

so we made a cutoff at 0ρ =  

1 0 1
ln( )
0 0

ρ
ρτ

ρ

− < <= 
 ≤  

 

An alternative estimator of autocorrelation time based on the definition of integrated 

autocorrelation time(31), which does not require a cutoff for lag-1 autocorrelation at zero, 
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leads to similar results (data not shown). We also used regression to estimate the lag-1 

autocorrelation. Regression normalizes the covariance by 2
txs  (the sample variance at day t) 

instead of 
1t tx xs s
+

(the product of standard deviation at day t and day t+1)(32).  For our 

analysis both estimators yielded similar results (data not shown). 

 

Bootstrap 

We used bootstrap to calculate standard errors of indicators. Indicators shown in Fig. 3 are 

calculated based on an ensemble of replicate populations over a span of 5 days. In bootstrap, we 

resampled the replicates. For each resampled distribution, there are two alternative methods: (a) 

calculate the indicators for each day, and then average over 5 days; (b) combine the data over 5 

days into a single distribution, and then calculate the indicators. Both methods yielded almost 

identical results (data not shown). The error bars shown in Fig. 3 are calculated using method (a) 

and denote standard errors of indicators with resampling 1,000 times. 
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Supplementary Text 

Details of stochastic simulation  

Our simulation is based on a stochastic difference equation: 

( , )1 1n n g n nt t t tε θ= ++
      (1) 

Population density at day t: nt  

Growth function: 1( , ) t
t

t

ng n
n

θ +=  

Control variable: θ =Dilution factor 

The growth function ( , )tg n θ  is generated by the deterministic model of two-phase yeast growth 

(Figure S4) by setting the total growth time during each day as 23 hours. In the simulation, we 

used the same parameter values as the fitting parameters listed in Table S1. 

We introduced the noise in daily dilution 1 tnε  as proportional to the population density. 

2
1~ (0, )1 Nε σ  is a Gaussian random variable with standard deviation 1 0.15σ = . 

In different simulation runs, we observed clear signals of critical slowing down similar to that 

seen in experiments. The magnitude of increase in these indicators does not match perfectly with 

the experimental data, however, this is expected because: 1) our two-phase yeast growth model is 

an obvious simplification; 2) we only have crude estimates of the location of bifurcation and the 

magnitude of noise. The following derivations will provide a relationship between the indicators 

and the parameters in simulation. 

Derivations of critical slowing down and warning signals 

We define ( )eqn θ  as the non-zero stable fixed point of population density. t t eqx n n= −  is the 

deviation from the stable fixed point at day t. 

30 
 



The deterministic difference equation (without noise): 

( , )1n n g nt t t θ=+   
(2) 

After Taylor expansion of the growth rate ( , )tg n θ  at eqn  to the first order (ignoring 2( )O x ) and 

then minus eqn  on both sides, it yields 

(1 '( , ) ) ( )1x g n n x xt eq eq t tθ ρ θ= + =+             
(3) 

where ( , )'( , )
eqn n

dg ng neq dn
θθ

=

≡  . 

As dilution factor θ  increases and approaches the bifurcation, '( , )g neq θ  goes to zero (Figure 

S3), thus ( )ρ θ  goes to one. Also, we can transform Equation (3) to 

  ( )1x x xt t tλ θ− = −+          
(4) 

It can be readily seen that the return rate of the system, 1λ ρ= − , goes to zero upon reaching the 

bifurcation. This is the defining feature of critical slowing down. 

After adding the two noise terms and performing a similar Taylor expansion for Equation (1) 

(only keeping the first order terms of xt , 1ε ), we get 

( ) ( ) ( )1 1x x nt t eqρ θ ρ θ θ ε= ++                   
(5) 

This can be viewed as a first-order autoregressive (AR(1)) process(8, 33) with a Gaussian white 

noise at day t: 1t neqε ρ ε= . From Equation (5) we can derive the indicators: (< >: the expectation 

operator. See Materials and Methods: Calculation of indicators) 

Mean: 0tx< >= , t eqn n< >=  

The lag-1 autocorrelation:  
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1 1 1
2 2

( )( ) ( )
( )

t t t t t t

t t t

n n n n x x
n n x

ρ θ+ + +< − < > − < > > < >
= =

< − < > > < >
 

/ 1/( ) , 1te e tτ τρ θ −∆ −= = ∆ =  

 where τ is the autocorrelation time. Referring to our previous derivations of critical slowing 

down, we can see that upon approaching the bifurcation the lag-1 autocorrelation goes to one. 

The return time  rτ  satisfies (using Equation (3))   

1/ 1/1 ( )r t

t

xe e
x

τ τρ θ− −+= = =  

Thus we can see that return time equals the autocorrelation time. They both diverge upon the 

approach of bifurcation. 

Variance: 
2 2 2

12 2
2( )

1
eq

t t t

n
n n x

ρ σ
ρ

< − < > >=< >=
−

 

Note ( )ρ ρ θ= , ( )eq eqn n θ= . 

Upon the approach of bifurcation, ( )ρ θ  goes to one, the standard deviation and coefficient of 

variation also diverge. 

Thus, as the control parameter θ  (dilution factor) is tuned to push the system closer to 

bifurcation, the lag-1 autocorrelation ( )ρ θ  goes to one and the autocorrelation time diverges; the 

standard deviation and coefficient of variation also diverge, and their divergence is inversely 

proportional to 21 ρ− . The derivations and simulation results support that the increased 

variation and autocorrelation time observed in our experimental system before the fold 

bifurcation is indeed due to critical slowing down, and not due to any possible difference 

between the strength of noise introduced during daily dilution at different conditions. 
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Effects of measurement errors on indicators 

Here we will briefly investigate the effects of measurement errors on indicators within the 

framework of our system. This could be an important issue in evaluating early warning signals 

from noisy data sets, and we feel it has not been addressed explicitly in previous literature. 

In our experiment, the measurement error comes from the measurement of optical density. It can 

be introduced as a Gaussian random variable 2
2 2~ (0, )Nε σ  with standard deviation 2σ ≈  2×103 

cells/μl in our experiment (estimated by multiple measurements of optical density in the 

microplate photometer).  

The indicators will then be calculated based on the measured values of population density on day 

t:  
^

2t tn n ε= +  

The deviation from equilibrium is changed to 
^

2t tx x ε= +  

Thus, there is an increase in variance 

2 2 22^ ^ ^
12 2

22( )
1

eq
t t t

n
n n x

ρ σ
σ

ρ
< − < > >=< >= +

−
 

The covariance between different days is not changed 

 
^ ^

1 1t t t tx x x x+ +< >=< >  

However, there is a decrease in lag-1 autocorrelation ( )ρ θ  because it is normalized by a larger 

variance now.   

Given the relatively small measurement errors in our experimental system, the effects can be 

safely ignored. However, they could have notable effects on indicators based on field data with 

larger measurement errors.  
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Figure S1. Catastrophic fold bifurcation vs. non-catastrophic transcritical bifurcation. The 

solid curves represent stable fixed points and the dashed curves represent unstable fixed points of 

a system. (A) If the curve of fixed points is folded backwards, the system can have two 

alternative stable states at a given condition. A fold bifurcation (solid circle) occurs when a 

stable fixed point and an unstable fixed point “collide” and annihalate(8, 17). For a population 

subject to the strong Allee effect, there is a fold bifurcation in the population dynamics as the 

condition deteriorates. Crossing the fold bifurcation would result in a catastrophic population 

collapse. Due to hysteresis, reversing back to the former stable state after the catastrophic 

collapse can be difficult. (B) At a transcritical bifurcation (solid circle), a stable fixed point and 

an unstable fixed point meet and exchange stability. A transcritical bifurcation in population 

dynamics is a non-catastrophic threshold. It does not lead to a collapse (a large and sudden drop 

in population density) but rather a gradual decrease of population density as the condition 

deteriorates. Also, reversal is easy as there is only one stable fixed point in the system. 

Improving the condition back to the point just before the transcritical bifurcation would lead to 

an immediate recovery to the former stable state. 
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Figure S2. Measurement of per capita growth rate of yeast in sucrose at both low and 

intermediate cell densities. (A) Yeast populations were grown from a wide range of  initial 

densities (0.25-2500 cells/μl) in 2% sucrose to estimate the growth rate at both low and 

intermediate cell densities(27). Growth curves from different initial densities were superimposed 

(grey circles).  We measured the growth rate at intermediate cell densities over the range of 103-

5×104 cells/μl (black circles), giving γhigh = 0.472 ± .015 hr-1 (standard error, n=8 independent 

measurements from different initial densities) in 2% sucrose. At higher densities the culture 

saturated upon reaching the carrying capacity. A yeast culture with population density smaller 

than ~103 cells/μl cannot be measured directly by absorbance in our microplate photometer. To 

measure the growth rate at low densities, we measured the time needed for the culture to reach a 

measurable density. The resulting locations of initial densities (black squares) allowed us to fit 

the growth rate at low cell densities γlow = 0.318 ± .008 hr-1 (95% confidence interval of the 

fitting parameter) in 2% sucrose, which is considerably lower than γhigh. The gap between the two 

growth phases in the graph is due to a lag phase when yeast cells adapt to the new media before 

starting growth. (B) In various sucrose concentrations, per capita growth rates of yeast at low 
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densities (<103 cells//μl) γlow is significantly lower than at intermediate densities (103-5×104 

cells/μl) γhigh. At a higher sucrose concentration, γlow increases and the difference between γhigh 

and γlow decreases. As a control, in 2% glucose the growth rate of yeast is similar at low and 

intermediate densities.  
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Figure S3. Identification of the stable and unstable fixed points at different conditions. The 

stable and unstable fixed points can be identified as fixed points at which the ratio of population 

densities between subsequent days 1 1t tn n+ = (solid line), tn : population density at day t (t =1 to 

6). The cooperative growth of yeast in sucrose leads to two stable fixed points, one close to 

saturation (blue circle) and the other one at extinction. There is an unstable fixed point (red 

triangle) in between. The populations are most fit at intermediate densities, thus displaying the 

Allee effect. The unstable fixed points are estimated by fitting the data points in the region where 

1t tn n+  is in the range of [0.5 2] and population density is between the detection limit (population 

density~5×102 cells/μl, below which the measurement becomes inaccurate) and the value that 

gives the maximum growth. Error bars of unstable fixed points shown in Fig. 1E correspond to 

68% confidence interval of fitting parameters determined by bootstrap. The stable fixed points 

are estimated by the mean of replicate populations at equilibrium over five days and the error 

bars shown in Fig. 1E correspond to the standard deviation of day-to-day fluctuations. 
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Figure S4. A simple deterministic model of two-phase yeast growth. Motivated by past 

measurements(27) and experimental data shown in Figure S2, we constructed a simple 

deterministic model to simulate yeast growth in sucrose. This model is based on two phases: a 

slow exponential growth phase at low cell densities, followed by a logistic growth phase with a 

higher per capita growth rate at intermediate cell densities. A schematic view of the per capita 

growth rate 
1 dN
N dt

 as a function of the population density N is shown in (A) linear scale; (B) 

logarithmic scale. This model has five parameters: Tlag is the lag time before yeast cells start to 

grow after being transferred into new media. In the slow exponential phase, the population grows 

with a constant per capita growth rate γlow. After the population reaches a threshold density Nc, 

the subsequent logistic growth is determined by γhigh (γhigh>γlow) and the carrying capacity K.  

0
1

(1 )

low c

high c

N N
dN

NN dt N N K
K

γ

γ

< <
= 

− ≤ <

 

γlow, γhigh, and K can be directly estimated by experiments. Tlag can be estimated indirectly. Details 

of estimation and comparisons between the fitting parameters used in Fig.1E and the 

experimental measured values are listed in Table S1. 
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Figure S5. Estimated return time increases with dilution factor, consistent with the 

observation of critical slowing down. (A) We fit an exponential form 1 2( ) exp( )n t c c t∆ = −  to 

the relaxation curves of populations starting at a certain initial density. ( )t eqn n n∆ = − − denotes 

the deviation from the stable fixed point eqn  at day t. Each data point is the average of eight 

replicate populations. Subplots are titled with the corresponding dilution factors. (B) Estimated 

return time  
2

1
c

τ = . The error bars represent 68% confidence interval of the fitting parameter. 

There is a clear increase in return time, consistent with the observation of critical slowing down. 

In principle, an exponential relaxation is expected when the deviation from equilibrium is 

assumed to be very small(11, 18). The estimated return time by fitting the relaxation curves 

based on our experimental data could be inaccurate if the deviations are large enough to violate 

this assumption. Still, the increase in return time is significant and clear enough as an evidence of 

critical slowing down.  
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Figure S6. Indicators of critical slowing down appear in stochastic simulations. (A) 

Indicators in one simulation run with an ensemble of 500 replicate populations over a time span 
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of 500 days. (B) Indicators in one simulation run with an ensemble of 50 replicate populations 

over a time span of 5 days (close to the sample size in our experimental setup). The mean 

population density of the ensemble is also shown. There is an initial period of 10 days to stabilize 

the populations. Error bars are standard errors of day-to-day fluctuations. Histograms of 

population density in the two runs are shown in Figure S7. Details of stochastic simulation are 

given in the Supplementary Text. 
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Figure S7. The magnitude of skewness decreases when approaching the bifurcation and 

shows large variation for small sample size. (A) One simulation run with an ensemble of 500 

replicate populations over a time span of 500 days. Histogram of population density on the last 

day is shown. (B) One simulation run with an ensemble of 50 replicate populations over a time 

span of 5 days (close to the sample size in our experimental setup). Histogram of population 

density on the last day is shown. There is an initial period of 10 days to stabilize the populations. 

Error bars are standard errors of day-to-day fluctuations. The simulation adopted the same 

procedure as described in Figure S6. For the 500-day run, some populations at dilution factor 

1600 went extinct stochastically and they were not included in the calculation of indicators in 

both Figure S6 and Figure S7.  

As shown in (A), in simulation with a large sample size, the magnitude of skewness decreases 

when approaching the bifurcation, in contrast to previous theoretical arguments(19). In (B), the 

large variation in results suggests that no change in skewness should be detectable with the 

relatively small sample size in our experiments. Moreover, it will also be dependent on how 

skewed the perturbations or measurement errors are. Thus, we conclude that skewness is a good 

warning signal in our system.  
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Figure S8. Calibration of optical density measurements and mapping to cell density. 

Population densities over three orders of magnitude were prepared by 17 serial dilution steps of 

2/3 from an initial population at a highly saturated density. The fraction of the initial population 

density after each dilution step is shown on the x-axis. Optical density measurements were 

performed using a Thermo Multiskan FC microplate photometer at 620 nm. The measured 

optical density ( measuredOD ) of the instrument is linear with cell density up to ∼0.3, while at 

higher densities measuredOD  saturates to a maximum value of recording. We use the following 

formula to transform the measured optical density measuredOD  (solid squares): 

 

max
max

ln[1 ]( )measured b
real b

b

OD ODOD OD OD
OD OD

−
= − − −

−
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where bOD  is the background recording of a sample without cells and maxOD  is the maximum 

recording at saturating cell densities. In the calibration, we found 0.038bOD =  and max 1.92OD =

. After transformation, realOD  (open squares) reflects the real cell density given a recorded 

optical density measuredOD . realOD  is linear with cell density and plating experiments confirmed 

that 1realOD =  corresponds to cell density ≈1.1×105 cells/μl. Measurements in a standard 

spectrophotometer with 1 cm light path at 600 nm ( 600OD ) showed that 600 5OD =  in the 

spectrometer is roughly equivalent to 1realOD =  (data not shown).  
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Figure S9. With an increasing dilution factor, statistical indicators calculated over either 

the entire ensemble or a subset of populations showed similar trends. Comparison between 

statistical indicators calculated using all the replicate populations (dark blue triangles) and using 

a subset of populations (light blue circles, data shown in Fig.3) for conditions of fixed dilution 

factors. The increase of indicators at high dilution factors based on all the replicate populations 

was even more significant. In the subset of populations, some wells on the edges of 96-well 

plates or displaying large jumps of population density (>2×104 cells/μl) between subsequent 

days, presumably caused by pipetting errors, were excluded. For the eight dilution factors, the 

total number of replicate populations without imposing any selection is 80, 64, 64, 56, 56, 56, 56 

and 48, respectively. 
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Table S1. Comparison between fitting parameters and experimentally measured values.  

 

Measured values Fitting parameters 

γhigh 0.472 ± .015 hr-1 0.439 hr-1 

γlow 0.318 ±  .008 hr-1 0.309 hr-1 

K 1.95 ± .13*105 cells/μl 1.76×105 cells/μl 

Tlag 2.58 hr 2.97 hr 

Nc - 2.76×102 cells/μl 

 

The model parameters are explained in Figure S4. Fitting parameters are the values used for a 

typical fit of the bifurcation diagram shown in Figure 1e. γhigh and γlow are determined 

experimentally as explained in Figure S2. K, the carrying capacity, is determined by taking the 

average density of ten saturated populations measured over an interval of five hours. Tlag, the 

time before yeast cells start growing in the new media, can be estimated indirectly from the 

following equation (right after the lag period, cells starting at intermediate densities 

approximately follow an exponential growth with growth rate γhigh):  

0log( ) log( ) ( )t lag highN N t T γ= + −      lagt T≥  

where Nt is the measured population density at time t and N0 the initial population density (>103 

cells/μl). We cannot measure the threshold density Nc directly, as it is below the detection limit 

of our microplate photometer; an indirect estimate dependent on γlow, γhigh and Tlag would be 

inaccurate.  
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We note that the two-phase yeast growth model is a simplified description of reality so it is not 

surprising that the parameter agreement is not perfect. However, the fit of the experimental 

bifurcation diagram (Fig.1E) and the observation of critical slowing down signals in stochastic 

simulations being consistent with experimental data (Figure S6) merit the model as a reasonable 

approximation of reality, which captures the cooperative feature of yeast growth dynamics in 

sucrose.   

 

 

 

 

 

 

 

 

 

 

 

  

48 
 



References for Chapter 2 

1. J. A. Hutchings, J. D. Reynolds, Marine Fish Population Collapses : Consequences for 
Recovery and Extinction Risk, BioScience 54, 297-309 (2004). 

2. K. T. Frank, B. Petrie, J. a. D. Fisher, W. C. Leggett, Transient dynamics of an altered large 
marine ecosystem, Nature 477, 86-89 (2011). 

3. M. Scheffer, Critical transitions in nature and society (Princeton University Press, 2009). 

4. M. Scheffer, S. Carpenter, J. a Foley, C. Folke, B. Walker, Catastrophic shifts in ecosystems., 
Nature 413, 591-6 (2001). 

5. R. M. May, Thresholds and breakpoints in ecosystems with a multiplicity of stable states, 
Nature 269, 471-477 (1977). 

6. T. M. Lenton et al., Tipping elements in the Earth’s climate system, Proc. Natl Acad. Sci. USA 
105, 1786-93 (2008). 

7. C. S. Holling, Resilience and Stability of Ecological Systems, Annual Review of Ecology and 
Systematics 4, 1-23 (1973). 

8. M. Scheffer et al., Early-warning signals for critical transitions, Nature 461, 53-9 (2009). 

9. T. M. Lenton, Early warning of climate tipping points, Nature Climate Change 1, 201-209 
(2011). 

10. S. R. Carpenter, W. a Brock, Rising variance: a leading indicator of ecological transition, 
Ecol. Lett. 9, 311-8 (2006). 

11. E. H. van Nes, M. Scheffer, Slow recovery from perturbations as a generic indicator of a 
nearby catastrophic shift, Am. Nat. 169, 738-47 (2007). 

12. J. M. Drake, B. D. Griffen, Early warning signals of extinction in deteriorating environments, 
Nature 467, 456-9 (2010). 

13. S. R. Carpenter et al., Early warnings of regime shifts: a whole-ecosystem experiment, 
Science 332, 1079-82 (2011). 

14. V. Dakos et al., Slowing down as an early warning signal for abrupt climate change, Proc. 
Natl Acad. Sci. USA 105, 14308-12 (2008). 

15. A. Hastings, D. B. Wysham, Regime shifts in ecological systems can occur with no warning, 
Ecol. Lett. 13, 464-72 (2010). 

49 
 



16. A. J. Veraart et al., Recovery rates reflect distance to a tipping point in a living system, 
Nature 481, 357-359 (2012). 

17. S. H. Strogatz, Nonlinear dynamics and chaos: with applications to physics, biology, 
chemistry, and engineering (Westview Press, 1994). 

18. C. Wissel, A universal law of the characteristic return time near thresholds, Oecologia 65, 
101-107 (1984). 

19. V. Guttal, C. Jayaprakash, Changing skewness: an early warning signal of regime shifts in 
ecosystems, Ecol. Lett. 11, 450-60 (2008). 

20. J. P. Scholz, J. A. S. Kelso, G. Schöner, Nonequilibrium phase transitions in coordinated 
biological motion: Critical slowing down and switching time, Physics Letters A 123, 390-394 
(1987). 

21. P. D. H. Hines, E. Cotilla-Sanchez, B. O’hara, C. Danforth, in 2011 IEEE Power and Energy 
Society General Meeting, (IEEE, 2011), pp. 1-5. 

22. W. C. Allee, A. E. Emerson, O. Park, T. Park, K. P. Schmidt, Principles of animal ecology 
(Saunders, 1949). 

23. F. Courchamp, T. Clutton-Brock, B. Grenfell, Inverse density dependence and the Allee 
effect, Trends Ecol. Evo. 14, 405-410 (1999). 

24. P. Stephens, W. Sutherland, Consequences of the Allee effect for behaviour, ecology and 
conservation, Trends Ecol. Evol. 14, 401-405 (1999). 

25. T. Coulson, G. M. Mace, E. Hudson, H. Possingham, The use and abuse of population 
viability analysis., Trends Ecol. Evol. 16, 219-221 (2001). 

26. P. M. Groffman et al., Ecological Thresholds: The Key to Successful Environmental 
Management or an Important Concept with No Practical Application?, Ecosystems 9, 1-13 
(2006). 

27. J. Gore, H. Youk, A. van Oudenaarden, Snowdrift game dynamics and facultative cheating in 
yeast, Nature 459, 253-6 (2009). 

28. Materials and methods are available in Supplementary Materials. 

29. C. Folke et al., Regime Shifts, Resilience, and Biodiversity in Ecosystem Management, 
Annual Review of Ecology, Evolution, and Systematics 35, 557-581 (2004). 

30. L. H. Gunderson, Ecological Resilience-In Theory and Application, Annual Review of 
Ecology and Systematics 31, 425-439 (2000). 

50 
 



31. C. B. Lang, Data Survival Guide (available at http://physik.uni-
graz.at/~cbl/teaching/dsg/dsg.html). 

32. D. Freedman, R. Pisani, R. Purves, Statistics (W.W. Norton & Co., 2007). 

33. A. R. Ives, Measuring Resilience in Stochastic Systems, (2007).  

 

 

 

 

 

 

 

 

  

51 
 



Chapter 3: Slower recovery in space before collapse of connected 

populations  

This chapter is adapted from the manuscript: 

“Slower recovery in space before collapse of connected populations” 

Dai, L., Korolev, K.S. and Gore, J. Nature, 496, 355-358 (2013) 

 

Abstract 

Slower recovery from perturbations near a tipping point and its indirect signatures in fluctuation 

patterns have been suggested to foreshadow catastrophes in a wide variety of systems(1, 2). 

Recent studies of populations in the field and in the laboratory have used time-series data to 

confirm some of the theoretically predicted early warning indicators, such as an increase in 

recovery time or in the size and timescale of fluctuations(3–6). However, the predictive power of 

temporal warning signals is limited by the demand for long-term observations. Large-scale 

spatial data are more accessible, but the performance of warning signals in spatially extended 

systems(7–10) needs to be examined empirically(3, 11–13). Here we use spatially extended yeast 

populations, an experimental system displaying a fold bifurcation(6), to evaluate early warning 

signals based on spatio-temporal fluctuations and to identify a novel warning indicator in space. 

We found that two leading indicators based on fluctuations increased before collapse of 

connected populations; however, the magnitude of increase was smaller than that observed in 

isolated populations, possibly because local variation is reduced by dispersal. Furthermore, we 

propose a generic indicator based on deterministic spatial patterns, “recovery length”. As the 
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spatial counterpart of recovery time(14), recovery length is defined as the distance for connected 

populations to recover from perturbations in space (e.g. a region of poor quality). In our 

experiments, recovery length increased substantially before population collapse, suggesting that 

the spatial scale of recovery can provide a superior warning signal before tipping points in 

spatially extended systems. 

 

3.1 Introduction 

Positive feedback is widespread in nature, ranging from cellular circuits to population growth to 

the melting of ice sheets. There is growing evidence that positive feedback leads to alternative 

stable states and tipping points (i.e. fold bifurcations) in various ecological systems(15–18). 

Closer to a tipping point an ecosystem becomes less resilient and more likely to shift to an 

alternative state(19) such as the collapse of fish stocks, eutrophication of lakes, and loss of 

vegetation(20). Predicting these undesirable transitions may sound like an impossible task 

because of the inherent complexity underlying these systems. However, recent advances 

incorporating ideas from nonlinear dynamical systems theory suggest that there may be 

signatures of “critical slowing down” in the vicinity of tipping points(1, 2). At the brink of these 

sudden transitions, the recovery of a system after perturbations should slow down(14), also 

leading to changes in the pattern of fluctuations(21). Thus, a set of indicators related to critical 

slowing down may provide advance warning of an impending transition. Empirical tests in the 

field(4) and in the laboratory(3, 5, 6) have revealed some of the early warning signals based on 

fluctuations in time series, such as temporal variation and autocorrelation.  
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However, our understanding of early warning signals in spatially extended systems is still 

limited(1, 2). The studies in time series typically ignore spatial interactions; in reality the spatial 

coupling between habitat patches (e.g. dispersal of populations or exchange of biomass) is 

common and may affect the performance of some warning signals(22). Moreover, temporal 

warning signals rely on data from long-term observations, which are scarce and difficult to 

obtain. Large-scale spatial data, such as satellite-derived data sets(17), could be more readily 

available. Spatial data not only provide a greater quantity of information, they also allow us to 

study features of the system that are not available through time series. Statistical indicators based 

on spatial fluctuations have been proposed(7–10) but empirical studies are limited(3, 11, 12); 

testing these indicators in replicated experiments, which avoid the bias introduced by selective 

sampling(23), are lacking. In addition, previous studies of vegetation systems discovered 

emerging spatial patterns preceding transitions(24, 25). However, the vegetation patterns are 

often specific to the system studied; identifying generic spatial warning signals would add a 

powerful tool in the analysis of ecosystem stability. Here we address these questions using an 

experimental system of spatially extended yeast populations with alternative stable states and a 

tipping point leading to population collapse. 

 

3.2 Results 

We grew laboratory populations of the budding yeast Saccharomyces cerevisiae in sucrose and 

performed daily dilution into fresh media. During the daily dilution, a fraction (e.g. 1 in 500 for 

dilution factor 500) of the cells were transferred to fresh media. This is a well characterized 

system with an experimentally mapped fold bifurcation(6). Yeast cells grow cooperatively in 
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sucrose by sharing the hydrolysis products(26), creating positive feedback between cells that 

leads to bistability and a tipping point (Supplementary Fig. 1). By increasing the dilution factor 

(equivalent to an increase in the mortality rate), we could drive isolated yeast populations to 

collapse upon crossing the tipping point (Fig. 1a).  

We then connected local yeast populations spatially through controlled dispersal between 

nearest neighbors on a one dimensional array (Fig. 1b). Spatial coupling between local 

populations was introduced by adding a dispersal step during the daily dilution. In the dispersal 

step, 25% (corresponding to a dispersal rate D=2×25%=0.5) of a local population was transferred 

to each of its nearest neighbors; the rest of the population remained in the patch. For each 

dilution factor, there were 4 replicate arrays each consisting of 10 patches. A group of isolated 

populations (D=0) was grown in a similar experimental setting except that there was no mixing 

between neighbors (Methods). The isolated populations served as a control group and allowed us 

to investigate the effects of spatial coupling on warning signals. From dilution factor 500 to 1600, 

both groups of connected and isolated populations survived and reached equilibrium densities in 

a week; at dilution factor 1700, most of the populations collapsed within the timescale of our 

experiment (Fig 1a inset).    

After the populations stabilized, we tracked the fluctuations of population density around 

equilibrium for at least 5 days to calculate statistical indicators (Methods). Consistent with 

critical slowing down, we observed a clear increase in the coefficient of variation (CV) of 

connected populations towards the tipping point (Fig. 2a); however, the magnitude of increase in 

CV was smaller than in the isolated populations. We then tested lag-1 autocorrelation, a leading 

indicator for the temporal correlation of fluctuations. As expected, we found that the temporal 

correlation of connected populations increased gradually to around 0.6 in the vicinity of the 
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tipping point (Fig. 2b). Similar to the observation in CV, the signal in temporal correlation was 

weaker than in the isolated populations. Although fluctuations of population density in general 

became larger and more correlated before population collapse, we found that the two warning 

signals seemed to be suppressed in the presence of dispersal, especially at higher dilution factors.  

One explanation for the observed suppression of the two leading indicators in connected 

populations is that flows between neighbors smooth out the fluctuations across different patches 

and effectively reduce the autocorrelation in any local population. Reduced size or timescale of 

fluctuations due to dispersal among populations was predicted in previous theoretical studies of 

spatially explicit ecological models(8, 10, 22, 27). We note that the smaller warning signals of 

connected populations in our experiment may be partly due to a minor shift in the tipping point 

(Supplementary Fig. 2). The averaging effect of dispersal was also found in an independent 

group of populations subject to “100% dispersal treatment”, where we mixed 10 populations 

completely each day during the dispersal step. In this extreme scenario, the populations showed 

almost no increase in variation before the tipping point (Supplementary Fig. 3). Moreover, we 

demonstrated the suppression of CV and lag-1 autocorrelation by dispersal in analytical 

derivations based on a spatially explicit first-order autoregressive model (Supplementary Note 1) 

and in stochastic simulations using a phenomenological model of yeast growth(6) 

(Supplementary Fig. 4).  

Spatial coupling introduces the possibility of another warning indicator based on spatial 

fluctuations: spatial correlation. Long-range spatial correlation has been known to occur in the 

vicinity of some phase transitions(28); recent theoretical work in spatially explicit ecological 

models found that increasing spatial correlation could be a warning signal before transitions to an 

alternative stable state(8). We tested the two-point correlation between nearest neighbors in the 
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connected populations but failed to observe any increase near the tipping point (Supplementary 

Fig. 5). Simulation results with varying sample size showed that no statistically significant 

increase in spatial correlation should be discerned with the limited samples in our experiment. 

Thus, our results suggest that to observe the increase in spatial correlation may require more data 

than other indicators.  

Facing the potential difficulty to observe a strong warning signal based on fluctuations in 

spatially connected populations, we set out to look for possible new indicators. The existing 

warning signals can be classified into different categories, based on the nature of the 

perturbations and measurements (see Fig. 3). Measuring the recovery time after a pulse 

perturbation (Fig. 3a) can provide a robust indicator of the distance to a tipping point(5, 14). In 

large complex systems, however, it is often impractical to perform such temporal perturbations 

repeatedly and measure recovery time. Still, due to stochastic perturbations such as demographic 

noise, population density constantly fluctuates around the equilibrium. Changes of fluctuation 

patterns such as an increase in variation and correlation (Fig. 3c, d), measured either in time or in 

space, are also signatures of critical slowing down and consist of another two categories of 

leading warning signals(3, 4, 6–10, 21). Surprisingly, there is one remaining category that has 

not been proposed: find or create a “pulse perturbation in space” (Fig. 3b) and measure the 

spatial counterpart of recovery time(14). Adjacent to a region of poor quality, the neighboring 

good patches will not immediately have reached their carrying capacity; instead the carrying 

capacity will be reached only further from the bad region (Supplementary Fig. 6). Rather than an 

increase in the timescale to recover, critical slowing down here manifests itself as an increase in 

the spatial scale to recover (Supplementary Note 2) , i.e. “recovery length” as compared to 

“recovery time”.  
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To test our “recovery length” hypothesis, we performed another set of experiment with 

spatially connected yeast populations (dispersal rate D=0.5), now with two different regions: a 

relatively good (lower dilution factor) region of 5 patches and a bad (high dilution factor) region 

of 1 patch (Fig. 4a). Given this sharp boundary between two regions of different quality, 

population density in the good region recovered gradually in space to the equilibrium value. As 

the condition of the good region deteriorates, we expect an increase in the spatial scale over 

which the populations recover. Indeed, we observed a clear change in the steady-state recovery 

profile of populations with increasing dilution factor of the good region (Fig. 4b). In agreement 

with our hypothesis, the spatial recovery spanned a much longer distance closer to the tipping 

point.  

We quantified this spatial scale using two different indicators (Fig. 4c). The first indicator, 

“half-point recovery length”, measures the distance between the bad region and the location of 

half recovery (Methods). The half-point recovery length increased gradually with dilution factor 

from less than 0.5 to around 2. The second indicator, “exponential recovery length”, is obtained 

by fitting the recovery profile with an exponential function (Methods). Similar to the first 

indicator, the exponential recovery length increased more than 3-fold as the tipping point was 

approached. Thus, both measures suggest that the recovery length provides a strong warning 

signal before population collapse in our system. We also observed an increase in both indicators 

as we slowly deteriorated the good region and induced the collapse of connected populations in 

real time (Supplementary Fig. 7).  
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Figure 1: Yeast populations with a tipping point: an experimental system to study collapse 

of connected populations. a, Isolated yeast populations collapse after crossing a tipping point. 

The distribution of population density around equilibrium is shown in spread points; the red 

square denotes the mean. Insets are traces of replicate populations at dilution factor 1000 (stable) 

and 1700 (collapsed), y-axis unit: cells/µl. b, Yeast populations are spatially connected by 

controlled daily dispersal. Each circle corresponds to a habitat patch where a local population 

grows. A fraction of the local population is transferred to each of its two nearest neighbors, and 

the rest to itself.  
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Figure 2: Early warning signals based on fluctuations show suppressed increase in 

connected populations. a, Coefficient of variation (CV). b, Temporal correlation (lag-1 

autocorrelation). CV and temporal correlation of both isolated populations (red squares) and 

connected populations (blue circles) increased before the tipping point. The signals were 

suppressed in the connected populations, possibly due to the averaging effect of dispersal. Error 

bars are SEs given by bootstrap for isolated populations and SEMs (n=4) for connected 

populations. 
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Figure 3: Early warning signals can be classified into four categories by the nature of 

perturbations and measurements. a, Recovery time; b, Recovery length; c, Statistical 

indicators based on temporal fluctuations; d, Statistical indicators based on spatial fluctuations. 

The unexplored category of early warning signals is the spatial counterpart of recovery time: 

“recovery length”. The recovery length characterizes the spatial scale over which population 

density recovers from a pulse perturbation in space, such as at a boundary with a region of lower 

quality (b). The recovery length increases towards the tipping point (Supplementary Note 2) and 

provides a novel indicator of critical slowing down in spatial data.  
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Figure 4: Recovery length provides a direct measure of critical slowing down in space. a, 

Connected populations in a relatively good region of dilution factor 750 (left) and 1200 (right) 

recover gradually in space to the equilibrium density. Blue circles denote the steady-state profile 

of population density after averaging over replicates (shown in gray). b, Recovery profiles at 

dilution factor 500, 750, 1000, 1200, 1350 and 1400 show an increasing spatial scale of recovery. 

The profile is normalized by the population density of the patch furthest from the bad region. 

Lines are shape-preserving interpolations; the position of half recovery is marked by a red 

square. c, Two different measures of recovery length increase substantially with dilution factor.  

Error bars are SEs given by bootstrap.
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3.3 Discussion 

Recovery length completes the four categories of early warning signals and can help improve our 

assessment of spatially extended systems. Our results suggest that stronger spatial coupling 

(higher dispersal rate) suppresses early warning signals in CV and temporal correlation 

(Supplementary Fig. 4). In contrast, the magnitude of recovery length increases with the level of 

spatial coupling (Supplementary Note 2). These two categories of early warning signals are 

therefore complementary: when one signal is weak the other is strong. Also, although our 

experiment was conducted on a linear array, the use of recovery length can be readily 

generalized to two-dimensional systems by mapping the profile perpendicular to contours of 

population density. Unlike the specific spatial patterns found in two-dimensional vegetation 

systems(24, 25), recovery length may provide a generic measure given that the spatially coupled 

units by themselves would recover more slowly near the tipping point. Finally, from a practical 

perspective, boundaries between regions of different quality are ubiquitous in nature, thus 

providing many opportunities to measure the recovery length in populations of interest. One 

specific example of recovery length would be the “distance of edge influence” in landscape 

ecology(29): it quantifies the spatial scale of edge influence on biota in fragmented landscapes. 

Data of edge influence for forests at different sites suggest longer recovery length of the 

Australian tropical forests(30), which coincides with the recent forest collapses in Western 

Australia. In principle, the recovery length can also be measured when spatially extended 

populations “recover” from a region of higher quality (Supplementary Figs. 6 and 8), suggesting 

that boundaries may be introduced by conservation efforts (e.g. setting up marine reserves).  

Our experiments were performed in the simplest spatial setting possible: homogeneous 

environments and dispersal rates, a large population size and a safe distance away from the 
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tipping point. In the presence of environmental heterogeneity, measurement of recovery length 

may fail if the desired sharp boundary between regions of different quality is blurred. However, 

in this case we expect enhanced signals in spatial correlation(8) and spatial variation before 

population collapse (Supplementary Fig. 9). Our experiments have also not explored the effects 

of spatial coupling on the global stability of a meta-population. On the one hand, spatial coupling 

may reduce fluctuations and the probability that a random shock will trigger a state shift(22); on 

the other hand, stochastic local extinctions or the introduction of a bad region can possibly drive 

the connected populations to collapse before the tipping point of a local population 

(Supplementary Note 3). 

Our work illustrates the important role of spatial coupling, such as the dispersal of 

populations, in understanding how to apply the current toolbox of warning indicators to natural 

populations. More empirical studies are required to confirm the generality and applicability of 

different indicators; nevertheless, being able to observe warning signals in connected populations 

gives us hope to develop quantitative metrics for assessing the fragility of spatially extended 

complex systems.   
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3.4 Supplementary Materials  

Methods  

Experimental protocols  

We grew the budding yeast Saccharomyces cerevisiae in 200 μl batch culture on BD Falcon 96-

well Microtest plates at 30.7 °C (±0.2°C, standard deviation) using synthetic media (Yeast 

Nitrogen Bases + Nitrogen, Complete Supplement Mixture) supplemented with 2% sucrose(6). 

Cultures were maintained in a well-mixed condition by growing on a shaker at 825 r.p.m. Serial 

dilutions were performed daily (23 hours of growth) with variable dilution factors. Population 

densities were recorded each day before the serial dilution by measuring optical density at 

600nm using a Thermo Scientific Varioskan Flash Multimode Reader. The calibration between 

optical density and cell density was based on the previous characterization of this system(6).   

In the group of connected populations, for each dilution factor there were 4 replicate arrays each 

consisting of 10 patches. Populations were connected by controlled dispersal between nearest 

neighbors (dispersal rate D=0.5, which is defined as the fraction of population going out of a 

patch). Reflecting boundary conditions were adopted, meaning that a population on the edge 

would have 75% of its cells remaining in the patch during the dispersal step. In the group of 

isolated populations, the experiment was performed in a similar spatial setting except that there 

was no dispersal (D=0); for each dilution factor there were 4 arrays each consisting of 5 patches, 

thus a total of 20 replicate populations isolated from each other. The dilution factors for the data 

presented in Fig. 2 are 500, 1000, 1200, 1400 and 1600. In the experiment to measure recovery 

length, populations were connected by nearest-neighbor dispersal (D=0.5, reflecting boundary 

conditions). The dilution factor for the bad region (1 patch) was 2500; the dilution factor for the 
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good region (5 patches) was varied as the environmental driver. The dilution factors for the data 

presented in Fig. 4 are 500, 750, 1000, 1133, 1200, 1266, 1350 and 1400.  

Calculation of statistical indicators 

Statistical indicators for the connected populations were calculated among 10 populations in one 

array on each day and averaged over a span of at least 5 days, after the populations stabilized. 

The mean value of 4 replicate arrays and SEM (n=4) are shown in Figure 2. For the isolated 

populations, statistical indicators were calculated on each day among 20 populations over 5 days. 

We used bootstrap to compute SEs of the indicators by resampling 1000 times the ensemble of 

replicate populations (for the coefficient of variation and the temporal correlation) or arrays (for 

the spatial correlation). 

The coefficient of variation (CV) was calculated as the sample standard deviation 

(Supplementary Fig. 3b) divided by the sample mean. Because the local populations in our 

experiment were grown in a homogeneous environment, in principle they could all be treated as 

replicates. Assuming the system is ergodic, the CV calculated over an ensemble of replicates can 

be interpreted either as spatial CV of many populations at one time point or temporal CV of a 

single population over many time points. The temporal correlation, defined as the lag-1 

autocorrelation, was estimated by the Pearson’s correlation coefficient between the population 

densities at subsequent days. To correct for negative bias in small samples, we used a modified 

estimator with an additional term 
1
N

 for lag-1 autocorrelation(31). The sample size N=10 for 

connected populations; N=20 for isolated populations. N is a fixed number for different dilution 

factors, so using the modified estimators would not affect the trend of indicators. The spatial 

correlation, defined as the two-point correlation between all neighboring pairs, was estimated by 

66 
 



the Moran’s coefficient(8, 32). The expectation of Moran’s coefficient is 
1

1N
−

−
 in the absence 

of spatial correlation(33); we used a modified estimator with an additional term 
1

1N −
 so that the 

expectation is 0. In this case, the sample size N is the number of patches in an array: N=10 for 

connected populations; N=5 for isolated populations. For detailed formula of the statistical 

indicators, see Supplementary Note 4.  

In the analysis we ensured environmental homogeneity by removing a linear gradient of 

population density observed in connected populations. The small gradient is presumably caused 

by some heterogeneity in experimental conditions (temperature, dilution errors, etc.) across the 

plate. Removing gradient-type spatial heterogeneity before statistical analysis is similar to the 

detrending procedure commonly used in time-series analysis; it prevents spurious signals such as 

positive spatial correlation (Supplementary Fig. 10).  

Recovery length 

After the recovery profile stabilized, we tracked the population density profiles of at least 6 

replicates over several days. The half-point recovery length halfL was estimated by performing a 

shape-preserving interpolation (Matlab function PCHIP, piecewise cubic Hermite interpolating 

polynomial) to the recovery profile and then locating the position of half recovery at which 

1( ) ( 5)
2

halfn x L n x= = = . The population density of the bad region (dilution factor 2500) in our 

experiment was close to 0 (Fig. 4 and Supplementary Fig. 7). In the more general scenario with a 

sharp boundary between two regions of different quality (Supplementary Fig. 6 and 8), the 

position of half recovery can be defined as the midpoint between the equilibrium population 
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density of the region of interest and the population density at the boundary. The exponential 

recovery length was estimated by fitting an exponential function with three parameters 

exp
1 2exp( / )c x L c− +  to the recovery profile ( )n x . The data points used for exponential fitting are 

from position 1 to 5 (except for dilution factor 500, the data for fitting are from position 0 to 5). 

We note that our definition of exponential recovery length is phenomenological, because: 1) the 

deviation is expected to be exponential only close enough to the equilibrium; 2) at higher 

dilution factors the profile can deviate from an exponential form (Supplementary Fig. 11). The 

“kink” in the fitted exponential recovery length (Fig. 4c) may be due to the limited data points 

used in fitting or experimental errors. For both the half-point recovery length and the exponential 

recovery length, we used bootstrap to compute SEs for the indicators by resampling the 

ensemble of steady-state profiles 100 times and fitting the average recovery profile.  
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Supplementary Figure 1. Cooperative growth of yeast in sucrose leads to bistability and a 

fold bifurcation. Yeast cells grow cooperatively in sucrose by sharing the hydrolysis 

products(26); this cooperative breakdown of sucrose makes the per capita growth rate of yeast 

~40% higher at intermediate cell densities than at low cell densities(6). It is a well characterized 

experimental system that displays a strong Allee effect(34) under daily dilutions(6). During the 

daily dilution, only a small fraction (e.g. 1 in 500, for dilution factor 500) of the population is 

transferred to the fresh media. This is equivalent to introducing a mortality rate and leads to a 

negative growth rate at low initial cell densities. Therefore, cultures starting below a critical 

density go extinct, whereas cultures starting at higher initial densities survive and reach a finite 

stable fixed point. At intermediate dilution factors, yeast populations are bistable, with one stable 

fixed point at a finite population density and the other at extinction. A fold bifurcation occurs 

where the stable and unstable fixed points “collide” and annihilate. Increasing the dilution factor 

lowers the resilience of yeast populations and eventually pushes them to collapse after crossing 

the fold bifurcation (i.e. a tipping point). The data for this figure is taken from Reference 6. The 

stable fixed points are estimated by the mean of at least 46 replicate populations at equilibrium 

over 5 days and the error bars correspond to the standard deviation of day-to-day fluctuations.  
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Supplementary Figure 2. The difference in coefficient of variation and temporal correlation 

between isolated and connected population may be partly due to a minor shift in 

bifurcation. (a) There is a small difference in the equilibrium density between the two groups of 

isolated and connected populations. The difference can be caused by small variation in 

experimental conditions (e.g. ~1% difference in the grow rate); it may also reflect a real 

difference due to some influence of spatial coupling on the stability landscape. Error bars are 

standard errors of day-to-day variations. (b, c) Because the difference in the equilibrium density 

may imply a minor shift in the bifurcation, we plot the warning indicators versus equilibrium 

population density (note that lower population density corresponds to higher dilution factor); this 

corrects the possible shift in the bifurcation to some extent. After correction we find that the 

increases of CV and temporal correlation in connected populations are still smaller than those in 

isolated populations. Error bars are SEs given by bootstrap for isolated populations and SEMs 

(n=4) for connected populations. 

 

 

 

70 
 



 

Supplementary Figure 3. The size of fluctuations is suppressed in populations with 100% 

dispersal treatment. (a) For each dilution factor (500, 1000, 1200 and 1400), there are 10 

populations going through the “100% dispersal treatment”. On each day, the 10 populations are 

mixed completely during the dispersal step. The triangle denotes the mean of 10 populations. 

Populations recovered from a “2x dilution shock” on day 2; there is a clear increase of recovery 

time with dilution factor, as a result of critical slowing down.  (b) The mean equilibrium density 

of three experimental groups. The difference in mean population density between different 

groups may be due to variation in experimental conditions or the influence of spatial coupling; 

correcting the difference does not change the trend in indicators (Supplementary Figure 2). (c) 

The standard deviation of population fluctuations is reduced by dispersal. The standard deviation 

is calculated among 10 populations with 100% dispersal treatment over the last 3 days; the error 

bars are standard errors of day-to-day variations. The data used in Figure 2 for isolated and 

connected populations are plotted in light red and light blue. Temporal correlation is also 

expected to be suppressed (Supplementary Note 1 and Supplementary Figure 4). However, we 

are not able to get a reliable estimate of temporal correlation from the data of 100% dispersal 

treatment group because: 1) the sample size is too small; 2) populations have not fully reached 

equilibrium by the end of experiment, which also means it is difficult to remove gradient-type 

heterogeneity before statistical analysis (Methods).   
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Supplementary Figure 4. Stochastic simulations based on a phenomenological model of 

yeast growth show that increases in coefficient of variation and temporal correlation are 

suppressed by population dispersal. For each dilution factor, there are 40 populations on a one-

dimensional lattice. In the two simulation runs, the indicators are calculated over a span of 50 

days (a) and 5 days (b) after an initial period of 10 days to stabilize the populations. Error bars 

are standard errors of day-to-day variations (n=50 for a and n=5 for b, respectively). The 

phenomenological model of yeast growth is briefly outlined in the following paragraph. More 

details of stochastic simulations can be found in the Supplementary Information of Reference 6. 

Dispersal rules in simulations are the same as those used in our experimental protocols.  

The phenomenological model of yeast growth is based on two phases: a slow exponential growth 

phase at low cell densities, followed by a logistic growth phase with a higher per capita growth 
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rate at intermediate cell densities. This model has five parameters: Tlag is the lag time before 

yeast cells start to grow after being transferred into new media. In the slow exponential phase, 

the population grows with a constant per capita growth rate γlow. After the population reaches a 

threshold density Nc, the subsequent logistic growth is determined by γhigh (γhigh>γlow) and the 

carrying capacity K.  

0
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In the simulations, we used the parameter values listed in Supplementary Table 1. They are 

chosen as the values used in fitting an experimental fold bifurcation of this system(6). 

 

We note that the exact values of equilibrium population density and statistical indicators in our 

simulations do not match perfectly with the experimental data. This is expected because: 1) our 

two-phase yeast growth model is an obvious simplification; 2) we only have crude estimates of 

the location of bifurcation and the magnitude of noise. 
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Supplementary Table 1. Parameters of a phenomenological model of yeast growth used in 

the simulations. 

Parameter Value 

γhigh 0.439 hr-1 

γlow 0.309 hr-1 

K 1.76×105 cells/μl 

Tlag 2.97 hr 

Nc 2.76×102 cells/μl 
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Supplementary Figure 5. Our experiment and simulations suggest that large sample sizes 

are required to observe an increase in spatial correlation. (a) We tested the two-point 

correlation between nearest neighbors in the connected populations but failed to observe any 

increase near the tipping point. The spatial correlation, defined as the two-point correlation 

between all neighboring pairs, was estimated by the Moran’s coefficient(8, 32) (Methods). Error 

bars are SEs given by bootstrap for isolated populations and SEMs (n=4) for connected 

populations. (b) In simulations, a statistically significant increase of spatial correlation is 

observed in connected populations given a large sample size (L is the number of populations on a 

one dimensional array). In our experiment, we have 4 replicate arrays with L=10 in each array. 

(c,d) Given the same sample size, coefficient of variation and temporal correlation are better 
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warning indicators than spatial correlation in simulations. Thus, our results suggest that to 

observe the increase in spatial correlation may require more data than other indicators; 

nonetheless it can be a useful warning indicator in spatial data sets with very large sample sizes. 

Stochastic simulations are performed in the same procedure as described in Supplementary 

Figure 4 (at dilution factors 500, 1000, 1200, 1400 and 1600; D=0.5). Indicators are calculated 

over a span of 5 days after an initial period of 10 days to stabilize the populations. The colored 

regions correspond to 16%-84% confidence interval of 100 simulation runs and can be 

asymmetric. We note that the values of indicators in simulation are not directly comparable to 

experimental data (Supplementary Figure 4). We also note that the indicators here are calculated 

based on an ensemble of replicates at a fixed condition. The performance of indicators based on 

detrended temporal fluctuations of a single population may be worse(35) because: 1) in a 

changing environment, temporal fluctuations are averaged over different environmental 

conditions; 2) the sample size is reduced by temporal correlation.  
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Supplementary Figure 6. Recovery length can be measured given a sharp boundary 

between two regions of different quality.  

(a) On both sides of the sharp boundary, population density is varying across the region. In each 

region, population density recovers from ( 0)boundaryn n x≡ =  to the equilibrium eqn of the 

corresponding environmental condition. One can quantify the spatial scale of recovery by: 1) 

half-point recovery length halfL , 
1( ) ( )
2

half eq boundaryn x L n n= = + ; or 2) exponential recovery 

length expL , 
exp| |/| ( ) | | |eq eq boundary x Ln n x n n e−− = −  (Supplementary Note 2 and Methods).  

(b) The recovery length in each region indicates how far away its environmental condition is 

from the relevant bifurcation point (dashed arrows). The recovery rate is smaller closer to the 

bifurcation point, thus leading to longer recovery length (Supplementary Note 2). Typically we 

are interested in predicting impending collapse of the high-quality region (good or intermediate), 

so we designed the experiment in Figure 4 to measure highL . An example to measure the recovery 

length in the low-quality region lowL  is shown in Supplementary Figure 8. However, we note that 

the recovery length measured in a bad region is not expected to indicate its distance to the 

bifurcation point that leads to population collapse; instead it reflects the distance to re-

establishment. 
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Supplementary Figure 7. Increase of recovery length before the collapse of connected 

populations in real time. We conducted an independent experiment to observe the increase of 

recovery length before population collapse in a slowly deteriorating environment. Yeast 

populations were connected by dispersal to nearest neighbors (D=0.5) with a bad region of 1 

patch (dilution factor 2500) at the boundary. Experimental procedure is similar to the experiment 

in Figure 4 (Methods). (a) Profiles of the control group, which were grown at fixed conditions. 

The control group has a good region of 5 patches at fixed dilution factors ranging from 500 to 

2000. The connected populations initially had a uniform profile (Day 1, in red) and gradually 

approached the steady-state profiles (Day 8, in purple). The change of total population density of 

6 patches over time is plotted in the last panel. Populations survived and reached steady-state 
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profiles up to around dilution factor 1800. We note that temperature in this experimental run was 

30.0C and may have resulted in a minor shift of the tipping point. (b) Profiles of the 

experimental group, which were grown in a slowly deteriorating environment. The initial profile 

of population density was close to the steady-state profile of dilution factor 1600 and we slowly 

deteriorated the good region by increasing the dilution factor by 50 per day (Supplementary 

Table 2). Populations started to collapse around Day 5 (dilution factor 1850), in accordance with 

the control group. Error bars denote standard deviation of 8 replicates. (c) The recovery profile 

revealed an increasing spatial scale of recovery as the environment deteriorated. The profile is 

averaged over replicates and normalized by the equilibrium population density, which is taken as 

the population density in the patch furthest from the bad region. (d) We fit the recovery profile 

and found an increase in two measures of recovery length before population collapse. The red 

line marks the estimated day (Day 5) that populations started to collapse. Error bars are SEs 

given by bootstrapping the 8 replicates. We were not able to obtain a reasonable confidence 

interval for exponential recovery length after Day 5, because the population density was low and 

our sample size was small (fitting became very sensitive to noise). In fact, after the tipping point 

is crossed recovery length is no longer a meaningful measure, because the steady-state profile is 

global extinction.   

Supplementary Table 2. Dilution factor of the experimental group in a slowly deteriorating 

environment. 

Day 1 2 3 4 5 6 7 8 9 

Dilution factor 1650 1700 1750 1800 1850 1900 1950 2000 2050 
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Supplementary Figure 8. Measurement of recovery length at the boundary with a region of 

higher quality. (a) Connected populations would gradually “recover” in space from a region of 

higher quality. In principle, the recovery length can be measured in this scenario (Supplementary 

Figure 6), suggesting that boundaries may be introduced by conservation efforts such as setting 

up marine reserves(36). (b) We experimentally set up a superior patch at dilution factor 250 next 

to a relatively good region with varying dilution factors from 750 to 1400. Experimental 

procedure is similar to the experiment in Figure 4 (Methods). The steady-state profiles are shown. 

(c) We fit the steady-state profiles and found a modest increase in the spatial scale of recovery 

from a superior region. Although this spatial scale did not show a significant increase in our 

system, it may be a useful measure in other systems with different stability landscapes. The 

fitting was performed similarly to the analysis of data presented in Figure 4 (Methods). Here the 

position of half recovery is defined as the midpoint between the equilibrium population density 

and the density at the boundary 
1( ) [ ( 5) ( 0)]
2

halfn x L n x n x= = = + = . The equilibrium population 

density was taken as the average of population density from position 3 to 5. The data points used 

in fitting the exponential recovery length were from position 0 to 5. Error bars are SEs given by 

bootstrap. 
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Supplementary Figure 9. Spatial statistics in the presence of environmental heterogeneity. 

We performed stochastic simulations based on the phenomenological model of yeast growth 

(Supplementary Figure 4) and introduced environmental heterogeneity by drawing the dilution 

factor of each patch from a Gaussian distribution 2( , )DF DFN µ σ . (a, b) In the presence of 

heterogeneity, the signals in spatial correlation(8) and spatial variation are enhanced. The level 

of environmental heterogeneity DF

DF

σ
µ

is set as 0 (no heterogeneity) or 0.1 (with heterogeneity). 
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For each dilution factor, there are 1000 populations on a one-dimensional array (dispersal rate 

D=0.5). The indicators are averaged over a span of 5 days after an initial period of 10 days to 

stabilize the populations. Error bars are standard errors of 100 simulation runs. (c) We can 

increase the level of environmental heterogeneity by tuning the standard deviation of dilution 

factor. Three scenarios are shown as we vary DF

DF

σ
µ

 from 0 to 0.1 ( 1600DFµ = ).   (d, e) An 

increasing level of environmental heterogeneity could potentially lead to false alarms. At a fixed 

condition (dilution factor 1600), we varied DF

DF

σ
µ

 from 0 to 0.1 and observed increases in spatial 

correlation and spatial variation of connected populations (D=0.5). The isolated populations 

(D=0) serve as a control group: there is no spatial correlation but spatial CV is not suppressed 

(Supplementary Figure 4).  

In our simulations, we have not explored the effect of correlations in landscape characteristics 

(correlated landscape)(8) or in noise (environmental correlation)(37); they are both expected to 

enhance spatial correlation. In the scenario of correlated landscapes, the recovery length resulting 

from “islands” of different environmental quality may contribute to the increase in spatial 

correlation.  
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Supplementary Figure 10. A linear gradient is removed from connected populations to 

eliminate spurious spatial correlation.  We observed a small gradient in connected populations 

which is presumably caused by some spatial heterogeneity in experimental conditions 

(temperature, dilution errors, etc.) We removed the gradient by performing a linear fit across the 

array. Removing gradient-type spatial heterogeneity before statistical analysis is similar to the 

detrending procedure commonly used in time-series analysis; it prevents spurious signals such as 

positive spatial correlation. (a-e) The mean optical density at each position of the array (4 

replicate arrays over a span of at least 5 days), error bars are standard deviations. The red line 

corresponds to the linear fit. A larger slope will lead to higher spatial correlation and thus a 

spurious signal. (f) Spurious spatial correlation is eliminated by removing the gradient. Spatial 

correlation is still above 0, because there is always some level of heterogeneity in the 

experimental conditions. Error bars are SEMs (n=4).  
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Supplementary Note 1. Early warning signals in a spatially explicit first-order 

autoregressive model.   

Critical slowing down is a generic property of dynamical systems in the vicinity of 

bifurcations(38, 39). Here we use a simple model to investigate warning indicators based on 

critical slowing down(2, 40, 41) in connected populations.  

The behavior of a single isolated population in discrete time and space can be described by the 

following first-order autoregressive (AR(1)) process(1, 42), 

1t t tu uρ σζ+ = +    (1) 

where t t equ n n= −  is the deviation of the population density from its equilibrium value at time t; 

1
rTeρ

−
= , rT is the recovery time and indicates the distance from the bifurcation; σ  is the 

strength of the demographic fluctuations modeled by independent Gaussian variables tζ (i.e. 

white noise).  

To characterize the dynamics, we compute the statistics of an isolated population: variance 

2
isolated tVAR u=< >  and the lag-1 autocorrelation 1 1

2 2
1

1 t t t t
isolated

isolatedt t

u u u uAR
VARu u

+ +

+

< > < >
= =

< >< >
. The 

bracket denotes the expectation operator which averages over realizations.  

The variance is obtained by squaring both sides of equation (1), averaging over realizations, and 

using the time invariance of the averages (the AR(1) process is second-order stationary given 

| | 1ρ < ): 

2

21isolatedVAR σ
ρ

=
−

 (2) 

84 
 



The expression for lag-1 autocorrelation is obtained by multiplying both sides of equation (1) by 

tu  and averaging over realizations: 

1isolatedAR ρ=   (3) 

For one-dimensional populations, the spatially explicit first-order autoregressive model takes the 

following form(37, 43, 44) 

1, , , 1 , 1 ,[(1 ) ]
2 2t x t x t x t x t x
D Du D u u uρ σζ+ − += − + + +

  
(4) 

where D is the rate of dispersal; there are a total of L  patches, 1, 2, ,x L=  . One can write this 

model in a slightly more compact form 

1t t tρ σ+ = +u Mu ζ  (5) 

where M  is a L L×  matrix describing dispersal. Bold symbols denote vectors, the entries being 

values at different patches. For example, a population of four patches with periodic boundary 

conditions would have the following dispersal matrix 

1 0
2 2

1 0
2 2

0 1
2 2

0 1
2 2

D DD

D DD

D DD

D D D

 − 
 
 − 

=  
 −
 
 
 − 
 

M  (6) 

Note, however, that equation (5) can describe the dynamics of a population with an arbitrary 

dispersal pattern represented by M (45). In particular, the dispersal matrix for isolated patches is 

the identity matrix.  
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In the following, we will assume: 1) M  is positive definite (i.e. 0t t >
Tu Mu ), which avoids some 

pathological cases like division by zero; 2) t t t t≤T Tu Mu u u , which follows from the existence of a 

stable equilibrium and also requires the existence of an eigenvector of  M with eigenvalue 1. For 

example, when M  is symmetric and the sum of each row is 1, the first assumption is satisfied if 

all the diagonal elements are larger than 
1
2

 (i.e. 
1
2

D < ); the second assumption is always 

satisfied and the equality sign holds for any tu  if and only if M  is the identity matrix (i.e. 

0D = ). Under these assumptions, we next show that VAR  and 1AR  are suppressed in spatial 

populations. 

Similar to the model of a single isolated population, we estimate the variance of connected 

populations t t
connectedVAR

L
< >

=
Tu u

 by squaring both sides of equation (5) and obtain 

2 2 2
t t t t Lρ σ< >= < > +T Tu u u M u  (7) 

Since t t t t≤T Tu Mu u u , 2
t t t t≤T Tu M u u u , and equation (7) yields 

2

21connected isolatedVAR VARσ
ρ

≤ =
−

 (8) 

This equation and equation (2) imply that the variance is smaller in connected populations 

coupled by dispersal than in isolated populations.  

We can also estimate ρ  by multiplying both sides of equation (5) with t
Tu  and averaging over 

realizations: 

1t t

t t

ρ +< >
=
< >

T

T

u u
u Mu

 (9) 
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We can readily see that 1AR  in spatial populations is smaller than that in isolated populations 

because 

1 1 1

1 1

1 1t t t t t t
connected isolated

t t t tt t t t

AR ARρ+ + +

+ +

< > < > < >
= = ≤ = =

< > < >< >< >

T T T

T TT T

u u u u u u
u u u Muu u u u

 (10) 

Hence, 1AR are also suppressed in connected populations. Simulation results on the suppression 

of both indicators by dispersal are shown in Supplementary Figure 4. 

When the dispersal matrix M  is diagonalizable (e.g. M  is symmetric), one can explicitly 

compute VAR  and 1AR . Upon iterating equation (5), we observe that, at a stationary state, tu is 

given by 

1
0

k k
t t k

k
σ ρ

∞

− −
=

= ∑u M ζ  (11) 

The computation of moments of tu  is aided by the representation of M  in terms of its 

eigenvectors jh  with unit norm and eigenvalues jλ  

1

0

L
T

j j j
j
λ

−

=

=∑M h h  (12) 

The variance is then given by 

2 21 1
2 2

2 2
0 0 0

1
1

L L
k kt t

j
j k j j

VAR
L L L

σ σρ λ
ρ λ

− ∞ −

= = =

< >
= = =

−∑∑ ∑
Tu u

 (13) 

where we used the independence of tζ  and the summation of an infinite decreasing geometric 

series. 

The AR1 can be computed similarly, and the result is given by 

2 1

2 2
0

11
1

L
j

j j

AR
VAR L

ρλσ
ρ λ

−

=

=
−∑  (14) 
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One can also compute higher order autocorrelation coefficients and show that they decay as τρ

for very large lag τ .   

 

Supplementary Note 2. Recovery length in mathematical models. 

When a dynamical system is closer to a tipping point, it recovers from perturbations more slowly, 

a phenomenon called critical slowing down. In Figure 3, we classify possible indicators of 

critical slowing down(1, 2) based on the type of perturbations (deterministic vs. stochastic) and 

measurements (temporal vs. spatial). In time-series data, one can estimate the recovery time 

directly by measuring how long it takes for a population to recover from a pulse perturbation 

(Fig. 3a). In contrast, under stochastic perturbations (e.g. demographic noise), critical slowing 

down leads to an increase in the temporal correlation and the temporal variation (Fig. 3c). In 

spatially extended populations, fluctuations at different locations would allow for similar 

indicators based on spatial statistics, including the spatial correlation and the spatial variation 

(Fig.3d).  

The last and unexplored category of early warning signals is the spatial counterpart of recovery 

time: “recovery length”. The recovery length characterizes the spatial scale over which 

population density recovers from a pulse perturbation in space, such as at a boundary with a 

region of lower quality (Fig. 3b). Here we use mathematical models to demonstrate that the 

recovery length increases towards the tipping point and provides a novel indicator of critical 

slowing down in spatial data. 

 

Half-point recovery length 
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We use the following continuous model of a spatial population ( , )c t x exhibiting the Allee 

effect(46) to demonstrate the half-point recovery length: 

2
*

2 ( )( )c D c gc K c c c
t x
∂ ∂

= + − −
∂ ∂

 (1) 

In the non-spatial limit ( 0D = ), the fold bifurcation occurs when the finite stable fixed point 

(carrying capacity) K and the unstable fixed point *c meet, i.e. *c K= .  

A region of infinite mortality at 0x <  is represented by a boundary condition ( ,0) 0c t =  for 

equation (1). The stationary solution in this “depletion region” ( )depc x  is obtained by setting the 

left hand side of equation (1) to zero, and reads 

*

*
*

* * *
*

3 ( )( )

( ) 22 ( )( ) sinh[ arcsinh(2 )]
2

dep
K K cc x K

K cK gK K cK c c K c x
D K c

−
= −

−−
− + − + +

+

(2) 

 

Upon measuring ( )depc x  in the units of K  and x  in the units of 2 1/2( / )D gK , the shape of the 

depletion region depends only on 
*c

K
. This dependence is shown in Supplementary Figure 11. 

Note that no non-trivial solution exists when *

2
Kc > . 

The length of the region where ( )
2dep
Kc x <  is the half-point recovery length halfL . halfL increases 

closer to the bifurcation (i.e., larger 
*c

K
) and diverges as 

*1ln( )
2

c
K

− − .  

 

Exponential recovery length 
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To derive the exponential recovery length, we start with the discrete model introduced in 

Supplementary Note 1. Suppose we have a steady-state recovery profile that does not change 

over time 1, ,t x t x xu u u+ = ≡ , then we have  

1 1[(1 ) ]
2 2x x x x
D Du D u u uρ − += − + +

 
(3) 

We can look for a solution in the form of (ln )x x
xu e λλ= = , and solve for λ  to find the 

characteristic spatial scale. Alternatively, closer to the equilibrium we can take the continuous 

limit 1 ( )x x
du u u x
dx+ − → and equation (3) becomes 

2

2

2(1 )( ) ( )d u x u x
dx D

ρ
ρ
−

=  (4) 

Given the boundary condition ( ) 0u x →+∞ = , the non-trivial solution of equation (4) is an 

exponential function 

exp/ exp 2( ) ,
1

x L Du x e L ρ
ρ

−= =
−

 (5) 

The exponent expL determines a characteristic spatial scale of recovery that we name as the 

exponential recovery length.  
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Supplementary Figure 11. Analytical solution of recovery profile in a continuous model 

with the Allee effect. (a)The shape of the depletion region ( )depc x  as a function of *c (unit: K). 

(b) The approach of ( )depc x  to its limiting value at x →+∞ is approximately exponential. 
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Supplementary Note 3. Spatially connected populations may collapse before the tipping 

point of a local population. 

Our experiments have not explored the effects of spatial coupling on the global stability of a 

meta-population(45, 47). For example, spatially extended populations subject to dispersal may 

require a critical patch size for survival(48, 49). Moreover, stochastic local extinctions or the 

introduction of a bad region can possibly drive the connected populations to collapse before the 

tipping point of a local population. Here we provide an example using the continuous model 

introduced in Supplementary Note 2, 

2
*

2 ( )( )c D c gc K c c c
t x
∂ ∂

= + − −
∂ ∂

 (1) 

The fold bifurcation of an isolated population occurs when *c K= . In a homogeneous 

environment, spatially coupled populations become unstable when *c K= . However, in the 

presence of spatial heterogeneity, spatial coupling may reduce population stability. In this 

continuous model, populations exposed to unoccupied territories (i.e., patches with 0c = ) will 

contract when *

2
Kc > . This follows from the exact solution for the expansion velocity v  of 

travelling waves(46, 50): 

*( 2 )
2

Dgv K c= −  (2) 

92 
 



when *

2
Kc > , the velocity becomes negative, so the population shrinks instead of expands. The 

point at which *

2
Kc = is called the “Maxwell point”(51). Thus, spatial coupling may cause 

populations to collapse at conditions before the bifurcation point of a local population. 

In our experiments, connected populations under different setups (with or without a bad region) 

collapsed at relatively different conditions. This could be caused by the existence of the Maxwell 

point, or by other factors such as the finite patch size in our experiment and variation in 

experimental conditions between different experimental runs. 

 

Supplementary Note 4. Formula of statistical indicators. 

1) Sample standard deviation:  

2

1

1 ( )
1

N

i
i

s n n
N =

= − < >
− ∑  

 n< > : the sample mean. N : total number of samples. 

2) Coefficient of variation: the sample standard deviation divided by the sample mean. 

3) Temporal correlation 

The temporal correlation, defined as the lag-1 autocorrelation, was estimated by the 

Pearson’s correlation coefficient between the population densities at subsequent days. 

The sample Pearson’s correlation coefficient: 
, 1, 1

1

1

( )( )
1

1

N

t i t t i t
i

t t

n n n n

N s s
ρ

+ +
=

+

− < > − < >
=

−

∑
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,t in : sample i at day t; tn< > : the sample mean at day t;  ts : the sample standard deviation at 

day t. 

To correct for negative bias in small samples, we used a modified estimator with an 

additional term 
1
N

 for lag-1 autocorrelation(31). 

4) Spatial correlation 

The spatial correlation, defined as the two-point correlation between all neighboring pairs, 

was estimated by the Moran’s coefficient(8, 32).  

Moran’s coefficient at day t 

, ,

2
,

1

1 ( )( )

1 ( )

ij t i t t j t
i j

t N

t i t
i

w n n n n
W

I
n n

N =

− < > − < >
=

− < >

∑∑

∑
 

1
0ij

neighbors
w

others


= 


 

The weight ijw takes the value of 1 for nearest neighboring populations and 0 otherwise. W is the 

total number of neighboring pairs; 1W N= − in our one-dimensional array with reflecting 

boundaries.  

The expectation of Moran’s coefficient is 
1

1N
−

−
 in the absence of spatial correlation(33); we 

used a modified estimator with an additional term 
1

1N −
 so that the expectation is 0.  
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Chapter 4: Relation between stability and resilience determines the 

performance of early warning signals under different environmental 

drivers 

This chapter is adapted from the manuscript: 

“Relation between stability and resilience determines the performance of early warning signals 

under different environmental drivers” 

Dai, L., Korolev, K.S. and Gore, J. In submission 

 

Abstract  

Shifting patterns of temporal fluctuations have been found to signal critical transitions in a 

variety of systems, from ecological communities to human physiology. However, failure of these 

early warning signals in some systems calls for a better understanding of their limitations. In 

particular, little is known about the generality of early warning signals in different deteriorating 

environments. In this study, we characterized how multiple environmental drivers influence the 

dynamics of laboratory yeast populations, which was previously shown to display cooperative 

growth and alternative stable states. We observed that both the coefficient of variation and 

autocorrelation increased before population collapse in two slowly deteriorating environments, 

one with a rising death rate and the other one with decreasing nutrient availability. We compared 

the performance of early warning signals across multiple environments as “indicators for loss of 

resilience”. We find that the varying performance is determined by how a system responds to 
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changes in a specific driver, which can be captured by a relation between stability (recovery rate) 

and resilience (size of the basin of attraction). Furthermore, we demonstrate that the positive 

correlation between stability and resilience, as the essential assumption of indicators based on 

critical slowing down, can break down in this system when multiple environmental drivers are 

changed simultaneously. Our results suggest that the stability-resilience relation can be used as a 

framework to evaluate the detectability of early warning signals in different scenarios.  

 

4.1 Introduction 

Complex systems are often subject to multiple environmental drivers. Microenvironmental cues 

such as growth factors and drug concentrations control the progression of cancer cells (1). 

Parasites, insecticides and habitat destruction have all been blamed for the rapid decline of 

honeybee colonies in the North America (2). The diversity of our ecosphere is influenced by 

factors including fragmentation, climate change, etc. For a system with alternative stable states(3, 

4), pressure on a driver pushes the system closer to a tipping point (4–6). Once the driver crosses 

a certain threshold, the system goes through a critical transition and shifts to a different state (e.g. 

the malignant behavior of cancer (1), the collapse of pollinator populations (7) or a large-scale 

mass extinction (8–10)). 

There has been a growing interest in developing a toolbox of early warning signals to 

avoid such undesirable transitions. Recent theoretical and empirical studies have found that 

signatures of “critical slowing down” in the spatiotemporal dynamics may be used to indicate 

impending tipping points (11–31). These indicators are based on the fact that the dynamics 

around the equilibrium of a system slows down near a tipping point (15). This would lead to an 
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increase in recovery time from perturbations or changes in the pattern of fluctuations (e.g. 

increases in variation and autocorrelation) (16, 32). The appeal of these generic indicators is that 

they do not rely on detailed knowledge of a complex system, thus complementing the use of 

system-specific modeling to determine when critical transitions may occur. However, the 

generality of early warning signals has been questioned in some contexts (33–35). A better 

understanding of the limitation of our current toolbox will aid the application to real-world 

scenarios.  

One gap in our understanding is the generality of early warning signals in a system 

subject to multiple environmental drivers. Previous experimental studies have focused solely on 

transitions induced by a single, specific driver. In this study, we tune multiple environmental 

drivers in laboratory yeast populations, which have been shown to display cooperative growth 

and alternative stable states under daily dilution (18, 36). We then compare the performance of 

early warning signals across multiple environments as “indicators for loss of resilience”. Finally, 

we find that the relation between stability and resilience determines the performance of early 

warning signals and provides further insight to their limitation.  

 

4.2 Results 

We pushed yeast populations to collapse by slowly tuning two different environmental drivers 

(Fig. 1). We grew yeast cells in batch culture using synthetic media supplemented with the sugar 

sucrose; on each day the cells were diluted and transferred into fresh media. As demonstrated 

previously (18), yeast populations experience a tipping point (fold bifurcation) leading to sudden 

collapse as a result of the cooperative breakdown of  sucrose outside of the cell. The first driver 
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is the dilution factor used for daily transfer into fresh media (Fig. 1A). After an initial period of 

four days to stabilize the yeast populations at a dilution factor of 500, we increased the dilution 

factor by 10% per day and pushed populations to collapse in a few weeks (Fig. 1B). The steady 

increase in dilution factor mimics a rising death rate. Consistent with previous experimental 

measurements probing this environmental driver (18), we found that both the coefficient of 

variation (CV) and autocorrelation time of the deteriorating-environment group increased 

substantially before the estimated tipping point (Fig. S1), whereas no increase in these indicators 

was observed in the constant-environment group with a fixed dilution factor of 500 (Fig. 1C, D). 

In the second deteriorating environment, we imposed increasingly severe nutrient limitation by 

reducing the sucrose concentration by 20% per day (Fig. 1E). The yeast populations collapsed in 

a similar fashion over the course of three weeks (Fig. 1F). In this case, we also observed 

increases in CV and autocorrelation time before population collapse (Fig. 1G, H), although the 

warning signals were not as pronounced as those seen with an increasing dilution factor.  

Our empirical observation of early warning signals before population collapse under two 

different environmental drivers is encouraging. Nevertheless, the difference in the performance 

of the indicators across the two deteriorating environments is not well understood. In real-time 

deteriorating environments, the performance of early warning signals can be complicated by the 

rate of environmental changes. For example, an abruptly large shift in the environment can 

clearly push the system to an alternative state before it is possible to observe any warning signal. 

To exclude any effect caused by the rate of environmental changes, we characterized the 

dynamics of yeast populations over a range of fixed environmental conditions. Such an 

experiment can be considered as an infinitely slowly deteriorating environment, thus allowing us 

to compare the strength of the early warning indicators without the complexity introduced by 
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potentially different rates of environmental deterioration. We experimentally mapped out the 

bifurcation diagram for sucrose availability and observed a fold bifurcation at low concentration 

of sucrose (Fig. 2A). A similar bifurcation diagram for dilution factor was mapped in our 

previous study (Fig. 2B) (18). We then tracked the fluctuations around the equilibrium and 

measured statistical indicators over an ensemble of replicate populations (Methods). Under both 

environmental drivers, CV (Fig. 2C, D) and autocorrelation time (Fig. S2A, B) of yeast 

population increased before the fold bifurcation.  

Since the proximity to a fold bifurcation is measured by the unit of a specific driver 

(dilution factor or sucrose concentration), we cannot directly compare the performance of 

statistical indicators across multiple environments. In particular, we cannot necessarily say that 

the early warning indicators perform better under increasing dilution than under decreasing 

sucrose concentrations, because the indicators would presumably get stronger if the sucrose 

concentration were closer to the threshold concentration at the critical transition.  

Here we propose to evaluate the early warning signals before a fold bifurcation with 

respect to the underlying loss of resilience. For the yeast populations, we define resilience as the 

distance between the stable and unstable fixed points (Fig. 2C, D), which measures the maximal 

pulse perturbation (i.e. the number of individuals lost) a population can tolerate without going 

extinct. This definition of resilience therefore has a natural interpretation relative to 

environmental perturbations and also corresponds to the (one-sided) size of the basin of 

attraction of the stable state. In our system, we have experimentally mapped out the bifurcation 

diagrams with two different environmental drivers, thus allowing for a direct measure of 

resilience. As the pressure on a driver increases, a population loses resilience approaching the 
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fold bifurcation. Right at the fold bifurcation, resilience is reduced to zero as the stable and 

unstable fixed points meet and “collide”. 

With the experimental bifurcation diagrams mapped out, we can quantify the 

performance of early warning signals as a function of resilience and compare them across 

environments (Fig. 2E). Given the same loss of population resilience, we found that the 

coefficient of variation (CV) increased more under dilution stress as compared to sucrose stress. 

The comparison for autocorrelation time across the two environments yielded similar results (Fig. 

S2C). This analysis of early warning signals as “indicators for loss of resilience” suggested that 

the previously observed difference in their performance across multiple deteriorating 

environments could not be explained by how fast we tuned the drivers (Fig. 1) nor how close we 

were to the bifurcation (Fig 2 C, D). Instead, the varying performance of the early warning 

indicators reflected an intrinsic difference in the response of yeast populations to different 

environmental drivers. 

To understand how a dynamical system can respond to drivers differently and the 

implications for early warning signals, we need to examine resilience and stability (37, 38), the 

two fundamental properties underlying the dynamics of a system (Table 1, Fig. 3). Resilience, as 

determined by the basin of attraction, is a measure of a system’s tolerance to large perturbations 

(39–42) (Fig 3A, B). As can be seen in the experimental bifurcation diagrams (Fig 2 A, B), 

resilience is reduced to zero at a tipping point (fold bifurcation). Stability, on the other hand, 

measures how fast a system recovers to its stable fixed point after small perturbations (Fig 3A, 

B). As a result of critical slowing down, stability decreases to zero approaching a fold bifurcation 

(11, 43, 44). The time needed to recover from perturbations becomes longer (15, 44), hence the 

system becomes more correlated with its past; moreover, the perturbations accumulate and lead 
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to an increase in the size of the fluctuations (16). Statistical indicators such as CV and 

autocorrelation time, which characterize the pattern of fluctuations, are manifestations of 

stability (Text S1). Thus, using increases in CV and autocorrelation time to indicate loss of 

resilience is based on the assumption that changes in stability are positively correlated with 

changes in resilience as the environment deteriorates (Text S2).  

We speculate that the relation between stability and resilience determines the 

performance of early warning signals under different environmental drivers (Fig. 4A). Starting 

from a good initial condition with high resilience and high stability (i.e. a wide and steep 

potential well), changes in a driver can push the system to a fold bifurcation. At the bifurcation, 

both resilience and stability are reduced to zero. On a stability-resilience diagram, the approach 

of a fold bifurcation through increasing pressure on a driver can be visualized as a path 

connecting the initial condition and the origin (resilience=0, stability=0). For different drivers 

leading to a fold bifurcation, the system will always end at the origin with zero resilience and 

zero stability. Nevertheless, it is plausible that the precise path taken (i.e. the exact relation 

between stability and resilience) can vary between drivers. For example, under one 

environmental deterioration (“Driver 1”), the system may lose much stability while maintaining 

a high resilience (a wide but flattened potential well). On the other hand, a different form of 

environmental deterioration (“Driver 2”) may result in a significant loss of resilience with little 

reduction in stability (a narrow but steep potential well). Therefore, given the same loss of 

resilience, the loss of stability under Driver 1 is always greater than that under Driver 2 (Fig 4A). 

Environmental perturbations will often cause a complex system to transition before the 

deterministic bifurcation point (11, 29, 45), meaning that it is important for early warning signals 

to precede a severe loss of resilience. Given this need to maintain a minimal resilience, the early 
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warning indicators based on loss of stability will be more effective for Driver 1 as compared to 

Driver 2 as a result of their different paths on the stability-resilience diagram.  

To confirm our hypothesis, we measured the relation between stability and resilience for 

yeast populations under two drivers: dilution factor and sucrose concentration. For a given 

environmental condition, we determined resilience and stability from the deterministic growth 

profile 1 (n )t tn f+ =  (Fig. 3C, Table 1). Indeed, we found that the stability-resilience relation was 

dependent on the driver (Fig. 4B). Yeast populations lost resilience and approached a fold 

bifurcation with either an increase in dilution factor or a decrease in sucrose concentration. 

However, with an increasing dilution factor populations lost stability more rapidly, which 

explained why the early warning signals based on loss of stability had a better performance with 

environmental deterioration induced by this driver.  

In addition, we measured the dynamics of yeast populations under a third environmental 

driver, osmotic stress caused by salt (NaCl). Our yeast populations again lost both stability and 

resilience at higher concentration of salt, before eventually reaching a fold bifurcation (Fig. S3). 

The exact path of this driver on the stability-resilience diagram was observed to be between the 

paths of dilution factor and sucrose. As the environment deteriorates with an increasing 

concentration of salt, we found that changes in statistical indicators as a function of resilience 

were also intermediate among the three drivers. Thus our data supported the hypothesis that the 

performance of early warning signals under different environmental drivers was governed by the 

relationship between stability and resilience. 

The stability-resilience relation also informs us of possible scenarios under which early 

warning signals will fail (Fig. 5). On a stability-resilience diagram, we can find environmental 
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conditions which display a tradeoff between resilience and stability (Fig. 4C, Fig. S4). This 

demonstrates that the positive correlation between stability and resilience breaks down in this 

system when multiple drivers are changed simultaneously. We simulated a simple 

phenomenological model of yeast populations, which had been shown to capture the cooperative 

growth dynamics and bistability in our system (SI Methods) (18). We tuned two parameters as 

environmental drivers, dilution factor and the carrying capacity. As expected, changing an 

individual parameter of the model corresponds to a path on the stability-resilience diagram (Fig. 

5A). However, when two parameters were tuned simultaneously in opposite directions (i.e. the 

pressure on one driver increased while decreased on the other), we found that a population can 

lose resilience while gaining stability. To illustrate how anti-correlation between stability and 

resilience may occur, we used our model to plot contours of stability and resilience in the 

parameter space of the two drivers (Fig. 5B). If the two contours intersect, it is possible to alter 

the environmental drivers together along certain directions such that changes in stability and 

resilience are inversely correlated (Fig. S4C, Text S3). Thus this phenomenon is not specific to 

our system; rather it is likely a general scenario for systems under the influence of multiple 

drivers. 
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Figure 1. Increased variation and autocorrelation time in population density were observed 

before population collapse in two different deteriorating environments. (A) A slowly 

deteriorating environment with a rising death rate. Dilution factor of the constant-environment 

group (black) was fixed at 500. After an initial phase of four days to stabilize the populations, the 

dilution factor of the deteriorating-environment group (blue) was increased from 500 to over 

2500 by steps of 10% per day (Table S1). The black arrow marks the onset of deterioration, the 

red line marks the estimated day when the populations crossed a tipping point (Fig. S1). (B) 

Population density of individual replicates (dashed lines) and the mean population density among 

replicates (solid line) over time. Data with the mean population density smaller than 5×102 
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cells/μl are not shown. Coefficient of variation (C) and autocorrelation time (D) of the 

deteriorating-environment group (circle) increased substantially at least three days in advance. 

The indicators for the constant-environment group (triangle) did not show any trend. The 

indicators are calculated among an ensemble of 20 replicate populations; the shaded regions for 

the indicators correspond to the 25-75% confidence interval given by bootstrap. (E-H) A slowly 

deteriorating environment with decreasing nutrient availability. Sucrose concentration of the 

constant-environment group was fixed at 5% (50 g/L).  After an initial phase of three days to 

stabilize the populations, the sucrose concentration of the deteriorating-experiment group was 

reduced by steps of 20% per day. The coefficient of variation (G) increased substantially three 

days in advance of the tipping point; the autocorrelation time (H) had a modest increase for two 

days. Conventions for lines and symbols are the same as in (A-D).  
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Figure 2. The performance of early warning signals across multiple environments can be 

evaluated as a function of resilience. (A, B) Bifurcation diagrams were mapped under two 

different environmental drivers: sucrose (A) and dilution factor (B). (C, D) Coefficient of 

variation (CV) increased as environment deteriorated with decreasing sucrose concentration (C) 

or increasing dilution factor (D). (B) and (D) are adapted from reference (18). (E) To compare 

the performance of warning signals under different environmental drivers, we evaluated CV as a 

function of resilience. Given that the same amount of resilience is lost, the increase in CV was 

indeed more substantial with increasing dilution factor than with decreasing sucrose 

concentration. 
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Figure 3. Stability and resilience of a one-dimensional system. (A) A one-dimensional 

dynamical system ( )dn g n
dt

= can be represented by an effective potential ( )V n , ( )g( ) dV nn
dn

= − , 

where n is the state variable (population density in our system). Here we illustrate a bistable 

system (population survival and extinction). The bottom and the top of the potential represent 

stable and unstable fixed points, respectively. Resilience is determined by the size of basin of 

attraction. Stability is determined by the curvature at the stable fixed point. (B) In our system, we 

define resilience as the maximal perturbation (i.e. number of individuals lost) a population can 

withstand without going extinct. Stability is defined as the return rate λ  to the stable fixed point 
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after small perturbations. 1t tx x e λ−
+ = , where t t sfpx n n≡ − is deviation from the stable fixed point 

on day t. (C) We extracted stability and resilience from the daily growth profile 1 (n )t tn f+ =  of 

yeast populations (details in SI Methods). 

 

Table 1. Stability and resilience are two fundamental properties of a dynamical system.  

 Stability Resilience 

Equivalent terms 

in literature 

Engineering resilience, linear 

stability, recovery rate 

Ecological resilience, basin stability 

Response to 

perturbations 

 

Return rate to a stable fixed point 

after a small perturbation  

 

Tolerance of a large perturbation 

without shifting to an alternative 

stable state 

Mathematical 

definition 

Dominant eigenvalue of  Jacobian at 

the stable fixed point 

Volume of basin of attraction 

Potential/stability 

landscape 

Curvature around the bottom (local 

property) 

Distance between the top and the 

bottom (global property) 

Metrics used in 

our study 

ln( '( ))sfpstability f n= −  

1 (n )t tn f+ =  is the daily growth of 

yeast populations. ( )'( ) df nf n
dn

≡  

sfp ufpresilience n n= −  

sfpn : the stable fixed point (survival) 

ufpn : the unstable fixed point 
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Figure 4. Stability-resilience relation determines the performance of early warning signals 

under different environmental drivers.  (A) Starting from an initial condition with high 

resilience and high stability (green dot), pressure on an environmental driver pushes the system 

towards a fold bifurcation (red dot) where both resilience and stability are reduced to zero. Along 

such a path, changes in the dynamics can be visualized by a changing potential landscape. Loss 

of resilience corresponds to shrinkage in the basin of attraction, while loss of stability leads to a 

flattened curvature around the bottom of the potential. The exact path taken can vary between 

drivers. (B) Stability-resilience relation under the two experimental drivers in yeast populations.  
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Starting from the same initial condition, the loss of stability under increasing dilution factor is 

greater than that under decreasing sucrose, given the same loss of resilience. This explains the 

observed difference in the performance of CV and autocorrelation time under the two drivers. 
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Figure 5. Anti-correlation between stability and resilience is possible when multiple drivers 

are changed simultaneously in a phenomenological model of yeast populations. (A) Three 

scenarios were simulated: 1) a gradual increase in dilution factor (blue); 2) a gradual decrease in 

carrying capacity (magenta); 3) a decrease in carrying capacity together with a decrease in 

dilution factor (black). With simultaneous changes of two drivers in opposite directions, we 

observed that stability and resilience can be anti-correlated. (B) Resilience contours (solid lines) 

and stability contours (dashed lines) in the parameter space of two drivers. If the two contours 

intersect (black circle), the system can lose resilience while gaining stability (or vice versa) with 

simultaneous changes of two drivers (inset). The units of stability and resilience are the same as 

labelled in (A). 
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4.3 Discussion 

We have proposed that the stability-resilience relation aids in the evaluation of early warning 

signals under different environmental drivers. In practice, we need to observe changes in 

indicators before resilience becomes so small that stochastic transitions occur. Moreover, to take 

actions to reverse the environmental deterioration requires a sufficiently early detection of 

warning signals. In our study, we find that the detectability of warning signals is determined by a 

system’s response to environmental drivers. Along a convex path on the stability-resilience 

diagram (e.g. Driver 1 in Figure 4A), we expect more loss of stability and thus a larger increase 

in statistical indicators. More studies are needed to elucidate which environmental drivers tend to 

allow strong warning signals.   

In addition to the difficulty of detecting warning signs in time, we should be aware of 

possible scenarios of false negatives. Failures of indicators based on critical slowing down have 

been discussed in a few contexts (33–35). To utilize changes in the pattern of fluctuations (or a 

decrease in recovery rate) to indicate loss of resilience is based on the assumption that there is a 

positive correlation between changes in stability and resilience. If the two properties are anti-

correlated, the loss of resilience would correspond to a decrease in indicators such as CV and 

autocorrelation, thus leading to false negatives. Our finding of anti-correlation under multiple 

drivers may seem non-intuitive, as we are accustomed to extrapolate the positive correlation near 

a bifurcation (as a result of critical slowing down) to conditions further away from the 

bifurcation. Such extrapolations have been supported by theoretical (15) and empirical (17, 18, 

20) work in various systems, however, previous studies largely ignored the possibility that more 

than one driver can be involved in environmental changes. Our analysis suggests that early 

warning signals may fail more frequently when two drivers are changed in opposite directions 
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(for example, a wildlife population subject to continued habitat fragmentation but less killing by 

humans). In principle, even a single driver may cause loss of resilience with no decrease in 

stability (Text S3), although we did not observe this in our system. We believe that 

understanding the limitation of our current toolbox of warning indicators will help us make better 

decisions on when and how to apply them.  

To use the stability-resilience framework to study the dynamical behavior of complex 

systems, one important consideration is how to choose appropriate metrics. Defining resilience 

for systems with higher dimensions is not always straightforward, especially when the basin of 

attraction has a complex geometry (34). In our one-dimensional system (single species), we 

quantified resilience as the distance between stable and unstable fixed points, which is the 

number of individuals a population with a strong Allee effect (46) can lose without going extinct 

deterministically. However, if perturbations are proportional to the total abundance then the ratio 

between stable and unstable fixed points may be a more appropriate metric, which is essentially 

the distance between stable and unstable fixed points for log transformed abundance. The proper 

metric for resilience therefore depends on both the intrinsic properties of a system and also the 

nature of the environmental perturbations.  

In our study, we find that the exact relation between recovery rate and the size of the 

basin of attraction is dependent on the environmental driver. This improves our understanding of 

when we may rely on knowledge about the local properties around equilibrium to infer changes 

in the global properties of a dynamical system. Investigations into other properties (e.g. 

resistance (47), reactivity (48, 49), invasiveness, etc.) and their relations will help us address a 

fundamental question: how to measure the “stability” of a system (50, 51). A better assessment 

of complex ecosystems may guide our efforts to avoid systemic risks of financial networks (52, 
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53), engineer a healthy gut microbiota (54–56) and cope with possible shifts in the environment 

of our planet (57, 58). 

 

4.4 Supplementary Materials  

SI Methods 

Experimental protocols 

We used a yeast strain derived from haploid cells BY4741 (mating type a, EUROSCARF). All 

experiments were performed in 200 μl batch culture on BD Falcon 96-well Microtest plates at 

30°C using synthetic media supplemented with sucrose. Cultures were maintained in a well-

mixed condition by growing in a shaker at 825 r.p.m. To avoid evaporation and contamination 

across wells, the plates were covered with Parafilm Laboratory Film. The 20% sucrose stock 

solution was filter-sterilized and stored with 1mM Tris buffer, pH 8.0, to prevent acid-catalyzed 

autohydrolysis. In all experiments we manually added a trace amount of glucose 0.001%, so that 

the monosaccharide concentration in sucrose stock (<0.0001%) can be ignored. Serial dilutions 

were performed daily (23 hours of growth) with variable dilution factors. Population densities 

were recorded each day before the serial dilution by measuring optical density at 620nm using a 

Thermo Scientific Multiskan FC microplate photometer and confirmed by plating (18).  

For the two slowly deteriorating environments (Fig. 1), one driver was tuned for each experiment 

(Table S1): 1) Dilution factor was increased by 10% per day from 500 to over 2500 with 

[Sucrose] fixed at 2%; 2) [Sucrose] was decreased by 20% per day from 5% to 0.05% with 

Dilution factor fixed at 500. In the experiment with fixed environmental conditions (Fig. 2), 
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concentrations of sucrose plotted are [2.0, 1.0, 0.8, 0.6, 0.5, 0.4, 0.3, 0.2, 0.16] % (with Dilution 

factor fixed at 500); dilution factors plotted are [500, 750, 1000, 1133, 1266, 1400, 1600] (with 

[Sucrose] fixed at 2%). 1% w/v sucrose is equal to 1g/100ml. 

In the experiment to characterize the population dynamics under a third driver [NaCl], the 

concentrations of salt used are [0 100 150 200 250 300] mM. 1M [NaCl] is equal to 58.5g/L. The 

conditions were fixed and subject to Dilution factor at 500 and [Sucrose] at 2%. For this 

experiment, the optical density was measured at 600nm using a Thermo Scientific Varioskan 

Flash Multimode Reader.  

Data analysis 

Statistical indicators 

Statistical indicators were calculated at each observation time over an ensemble of replicate 

populations. For the experiments with fixed environmental conditions, statistical indicators were 

calculated after the populations stabilized. The coefficient of variation was calculated as the 

sample standard deviation divided by the sample mean. The autocorrelation time τ  was 

calculated as 1/e τρ −= , where the lag-1 autocorrelation ρ  was estimated by the Pearson’s 

correlation coefficient between the population densities at subsequent days (18). The standard 

errors and confidence intervals of the indicators were given by bootstrap.  

In all the analysis we ensured environmental homogeneity by excluding populations with 

systematic differences in density, which are presumably caused by errors in daily dilution. For 

the slowly deteriorating environments (Fig. 1), a subset of 20 replicate populations was used to 

calculate the indicators after excluding the populations on the edges of 96-well plates. Indicators 
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calculated over the entire ensemble without imposing any selection display similar trends with 

larger increases (Fig. S5). For the experiment with fixed sucrose concentrations (from 2.0% to 

0.16%), the total number of replicate populations used for calculating indicators shown in Fig. 2 

is 53, 47, 44, 32, 41, 30, 32, 27, 21, respectively. Indicators calculated over the entire ensemble 

without imposing any selection display similar trends with larger increases (Fig. S6). Details on 

the analysis of populations under fixed dilution factors are described in reference (18). 

We used bootstrap to calculate:  

1) Confidence interval of indicators for populations in a slowly deteriorating environment (Fig. 

1). Indicators were calculated based on 20 replicate populations. We resampled the 20 replicates 

1,000 times to obtain the 25-75% confidence interval of the indicators.  

2) Standard errors of indicators for populations at fixed environmental conditions (Fig. 2, Fig. S2, 

Fig. S3). Indicators were calculated based on an ensemble of replicate populations over a span of 

5 days. In bootstrap, we resampled the replicates. For each resampled distribution, there are two 

alternative methods: A) calculate the indicators for each day, and then average over 5 days; B) 

combine the data over 5 days into a single distribution, and then calculate the indicators. Both 

methods yielded similar results. The error bars shown were calculated using method A and 

denote standard errors of indicators with resampling 1,000 times.  

Fixed points and resilience 

The stable and unstable fixed points can be identified as points at which the ratio of population 

densities between subsequent days 1 1t tn n+ = , tn : population density at day. The cooperative 
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growth of yeast in sucrose leads to two stable fixed points, one close to saturation and the other 

one at extinction. There is an unstable fixed point in between.  

The unstable fixed points ufpn  were estimated by fitting the data points in the region where: 1) 

population density is lower than the value that gives the maximum growth, and higher than the 

detection limit (population density~5×102 cells/μl, below which the measurement becomes 

inaccurate); and 2) 1t tn n+  (t=1 to 6) is in the range of [0.3 3] for data with fixed sucrose 

concentrations (the range used for fixed dilution factors is [0.5 2]). The error bars shown in 

bifurcation diagrams ufpn∆  correspond to standard errors given by bootstrap.  

The stable fixed points sfpn  can be estimated by two alternative methods: A) the mean of 

replicate populations at equilibrium; B) fitting the data points in the region close to equilibrium 

on a plot of 1tn + vs tn . Both methods yielded similar results. In our analysis, method A was used. 

Stable fixed points were estimated by the mean of replicate populations at equilibrium over five 

days; the error bars shown in bifurcation diagrams sfpn∆  correspond to standard errors of day-to-

day fluctuations. 

Resilience r  is calculated as the difference between estimated stable (survival) and unstable 

fixed points, sfp ufpr n n= − . Given that the estimation of two fixed points are independent, 

standard errors of resilience are calculated by propagation of errors, 2 2( ) ( )sfp ufpr n n∆ = ∆ + ∆ .  

Stability 

In our study, we define stability λ  as the recovery rate after a small perturbation near the stable 

fixed point, i.e. 1t tx x e λ−
+ = . t t sfpx n n≡ −  is the deviation from the stable fixed point on day t. 
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Given the experimentally measured growth profile of yeast populations 1 (n )t tn f+ = , we can 

estimate stability by ln( '( ))sfpf nλ = − .  

The slope at the stable fixed point 
n

( )'( )
sfp

sfp
df nf n

dn
=  was estimated by fitting the data points 

with population density around the stable fixed point. For data with fixed sucrose concentrations, 

the range used for fitting was [ 0.5sfpn ×  0.4sfpn + ]; for data with fixed dilution factors, the range 

used for fitting was [ 0.3sfpn ×  0.4sfpn + ]. Error bars of stability correspond to 68% confidence 

interval of fitting parameters determined by bootstrap. 

Simulations 

We used a simple phenomenological model (18) to simulate the cooperative growth of yeast over 

one day ( , DilutionFactor,parameters)1n f nt t=+
. This model is based on two phases of daily 

growth: a slow exponential growth phase at low cell densities, followed by a logistic growth 

phase with a higher per capita growth rate at intermediate cell densities. This model has 5 

parameters: Tlag is the lag time before yeast cells start to grow after being transferred into new 

media (the total time for daily growth is 23 hours). In the slow exponential phase, the population 

grows with a constant per capita growth rate γlow. After the population reaches a threshold 

density Nc, the subsequent logistic growth is determined by γhigh (γhigh>γlow) and the carrying 

capacity K.  

0
1

(1 )

low c

high c

N N
dN

NN dt N N K
K

γ

γ

< <
= 

− ≤ <

 

Parameter values used for simulations in Fig. 5 are specified in Table S2. 
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Table S1. Experimental protocols of deteriorating environments.  

Increase dilution factor by 10% per day  Reduce sucrose concentration by 20% per day 

Day Dilution Factor  Day Sucrose (%) 
1-4 500  1-3 5.00 
5 550.0  4 4.00 
6 605.0  5 3.20 
7 665.5  6 2.56 
8 732.1  7 2.05 
9 805.3  8 1.64 
10 885.8  9 1.31 
11 974.4  10 1.05 
12 1071.8  11 0.84 
13 1179.0  12 0.67 
14 1296.9  13 0.54 
15 1426.6  14 0.43 
16 1569.2  15 0.34 
17 1726.1  16 0.27 
18 1898.7  17 0.22 
19 2088.6  18 0.18 
20 2297.5  19 0.14 
21 2527.2  20 0.11 
   21 0.09 
   22 0.07 
   23 0.06 
   24 0.05 

 

In each experiment we have a deteriorating-environment group and a constant-environment 

group. Starting on Day 5 (or Day 4), the daily dilution factor (or sucrose concentration) for 

populations in the deteriorating environment group was increased by 10% (or reduced by 20%) 

per day. The day underlined (Day 16 with an increasing dilution factor, or Day 20 with sucrose 

reduction) is the estimated day that the yeast populations crossed a tipping point (Fig. S1). 
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Table S2. Parameter values used in simulations. 

Parameter Value 

γhigh 0.4 hr-1 

γlow 0.3 hr-1 

Tlag 2.97 hr 

Nc 2.76×102 cells/μl 

K 1.76×105 cells/μl 

Dilution Factor (DF) 600 

 

The above set of parameter values is the initial condition shown in Figure 5.  

For the anti-correlation path, the starting condition is (DF=1000, K=1.76×105 cells/μl), the 

ending condition is (DF=600, K=5.28×104 cells/μl). A total of 20 conditions are simulated along 

the path; the decrease of DF and the decrease of K are both on a linear scale.  
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Text S1. Scaling between stability and statistical indicators. 

Statistical indicators such as CV and autocorrelation time characterize the size and timescale of 

fluctuations around a stable fixed point. Here we show that these indicators are reflections of 

changes in stability (i.e. recovery rate) in an AR(1) process (autoregressive model of order 1) 

(11).  

Consider a stationary AR(1) process,  

1t t tx xρ ε+ = +  

t t sfpx n n= −  denotes the deviation from equilibrium population density on day t, 2~ (0, )t Nε σ  is 

Gaussian white noise. e λρ −= is determined by the recovery rate λ .  

The variance of population density is 

02 2

2( )
1 2tVar x

λσ σ
ρ λ

→

=
−

  

The autocorrelation of population density is 

0

tt t T
tx x e eλρ −−< >= = =  

So the autocorrelation time T equals the recovery time,  

1T
λ

=  
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As populations approach a fold bifurcation, stability (the recovery rate) λ  goes to zero, leading 

to an increase in statistical indicators. Given that variance and autocorrelation scale inversely 

with stability, their reciprocals (e.g. 1/CV) are sometimes used as alternative metrics of stability.  

 

Text S2. Positive correlation between stability and resilience when close to a bifurcation. 

Here we show that stability scales linearly with resilience near a fold bifurcation as a result of 

critical slowing down. Let’s first look at the relation between resilience and the distance to the 

bifurcation. Given the quadratic shape of a fold bifurcation, when close to the bifurcation we 

have 

2
0| E E |~ r− , or 

1
2

0r ~| E E |−  

E is an environmental driver (i.e. control parameter) with a fold bifurcation at 0E . 0| E E |− is the 

distance to the bifurcation. Resilience r  is the distance between the stable and unstable branches. 

Right at the fold bifurcation, resilience decreases to zero as the stable and unstable fixed points 

meet and “collide”. 

The scaling between stability and the distance to a bifurcation has been derived previously (44). 

For real eigenvalues (this is always the case for one-dimensional systems), it has been shown that 

the recovery time diverges with a critical exponent 1
2

 

 
1
2

0
1 ~| E E |
λ

−
− , or 

1
2

0~| E E |λ −  

Right at the fold bifurcation, stability λ  decreases to zero (i.e. critical slowing down). 
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Combining the above results, we can see that close to a fold bifurcation stability scales linearly 

with resilience, ~ rλ .  

 

Text S3. A toy model with a cubic potential.  

Here we aim to gain some intuition on the relation between stability and resilience from a toy 

model (Fig. S7A) 

3 2(x)V x xα β= −  

with 0, 0α β> ≥ . (x)V  is the effective potential of a one-dimensional dynamical system 

(x)dx g
dt

= , where (x)g(x) dV
dx

= −  (43). 

We can easily solve the fixed points of this model 

(x) (2 3 ) 0g x xβ α= − =  

The unstable fixed point 0ufpx = , the stable fixed point 2
3sfpx β
α

= . This model has a transcritical 

bifurcation at 0 0β = . 

So we have resilience  

2
3sfp ufpr x x β
α

= − =  

Stability is determined by  
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( ) 2
sfpx

dg x
dx

λ β− = = − , or 2λ β=  

Now we plot contours of resilience and stability in the parameter space of ( , )α β  (Fig. S7B). As 

illustrated in Fig. 5 and Fig. S4C, this would help us identify scenarios in which the positive 

correlation between stability and resilience breaks down. For example, we can find two scenarios 

of environmental deterioration before reaching the transcritical bifurcation: 1) a decrease in β

with fixed α . This would lead to a decrease in both stability and resilience. 2) an increase in α

followed by a decrease in β . In this case, when α  is changed, resilience decreases while 

stability remains constant (i.e. zero correlation). As illustrated in Fig. 4, we can also visualize the 

response of the system to different environmental changes as different paths on the stability-

resilience diagram (Fig. S7C).  

Additional notes: 

1) The relation between stability and resilience presents a general framework to evaluate the 

performance of indicators based on critical slowing down and help us understand why 

they may fail. For example, in the toy model discussed in Menck et al (34), when 

approaching the bifurcation stability remains constant as resilience goes to zero. This 

scenario can be visualized as a horizontal line on the stability-resilience diagram (i.e. zero 

correlation).  

2) In principle, a single environmental driver can also lead to anti-correlation or zero 

correlation between stability and resilience. The mapping between an (empirical) 

environmental driver and model parameters can be complicated.  
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Figure S1. Estimating the day when populations started to collapse in a deteriorating 

environment. (A) Deteriorating environment with increasing dilution factor over time; (B) 

Constant environment with dilution factor fixed at 500; (C) Deteriorating environment with a 

decreasing sucrose concentration over time; (D) Constant environment group with sucrose 

concentration fixed at 5%. Protocols of the deteriorating-environment experiments are specified 

in Table S1. Light dots (blue/magenta/black): individual populations; dark dots 

(blue/magenta/black): the mean ratio of 20 replicate populations; black line: threshold ratio at 0.5.  

We estimated the day that the population crossed a tipping point by analyzing the ratio of 

population densities between subsequent days 1t tn n+ . The control groups in constant 

environments maintained a ratio close to one. For the deteriorating-environment group, as the 

condition was deteriorated on a daily basis, the populations were constantly relaxing to a lower 

stable fixed point on each day, thus the ratio of population densities between subsequent days 
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should be smaller than one. However, after crossing a tipping point (fold bifurcation), the stable 

fixed point would disappear and the population would enter a free fall to extinction with the ratio 

dropping significantly. We estimated the day that population collapse started as when the 

threshold ratio 0.5 was crossed. In the two different deteriorating environments, the estimates 

given by this method (Table S1) matched well with the estimates given by the mapped 

bifurcation diagram: [Sucrose] ~ 0.12% or Dilution Factor ~ 1600 (Fig. 2). The estimated day 

when populations started to collapse after crossing the tipping point is marked in (A) and (C) (the 

same as in Fig. 1).   
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Figure S2. Performance of autocorrelation time under two different environmental drivers. 

(A, B) Autocorrelation time increased as environment deteriorated with decreasing sucrose 

concentration (A) or increasing dilution factor (B) (adapted from reference (18)). (C) To 

compare the performance of warning signals under different environmental drivers, we evaluated 

autocorrelation time as a function of resilience. Given that the same amount of resilience is lost, 

the increase in autocorrelation time was indeed more substantial with increasing dilution factor 

than with decreasing sucrose concentration. 
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Figure S3. Stability-resilience relation and performance of warning indicators under a 

third environmental driver: osmotic stress caused by [NaCl]. (A) Bifurcation diagram for 

[NaCl] as an environmental driver. (B) Stability-resilience diagram. Our yeast populations lost 

both stability and resilience at higher concentration of salt, before eventually reaching a fold 

bifurcation. The exact path under this driver on the stability-resilience diagram was observed to 

be between the two paths of dilution factor and sucrose. The estimation of resilience and stability 

was performed in a similar fashion as for the other two drivers. Data points with 1t tn n+  (t=1 to 6) 

in the range of [0.1 10] are used to fit unstable fixed points. The stable fixed points are estimated 

by method B and error bars correspond to standard errors given by bootstrap (SI Methods). (C) 

CV of yeast populations under osmotic stress are compared to the other two drivers as 

“indicators of resilience”. As the environment deteriorates with an increasing concentration of 

salt, we found that changes in CV as a function of resilience were intermediate among the three 

drivers.  

We note that the highest [NaCl] used in our experiment (~0.3M or 20g/L) is well below the 

lethal concentration (59). Adaptation of yeast under these salt concentrations at the timescale of 

our experiment (less than a week) is minimal (60, 61), so we expect that any heterogeneity 

introduced by adaptation to be insignificant in comparison to the true variation among the 

replicate populations.   
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Figure S4. Changes in stability and resilience can be anti-correlated when multiple 

environmental drivers are involved. (A) Stability-resilience diagram. Given that different 

drivers lead to different paths on the stability-resilience diagram, we can readily find conditions 

with a trade-off between stability and resilience. For example, one condition (open black dot) has 

high resilience and low stability, while the other (filled black dot) has low resilience and high 

stability. (B) An anti-correlation path can also be visualized in the parameter space of two drivers. 

The contours end at the fold bifurcation as both stability and resilience are reduced to zero (they 

cannot be negative). Close to the fold bifurcation, stability scales linearly with resilience (Text 

S2) so their contours tend to parallel (red lines). Farther away from the bifurcation, contours of 

stability and resilience can intersect and the positive correlation between the two properties may 

break down. (C) An intersection of stability contour and resilience contour. rg
→

 and sg
→

denote the 

gradient of resilience and stability, respectively. E
→

 represents an environmental change involving 

two drivers. When 0rg E
→ →

⋅ < and 0sg E
→ →

⋅ > , a decrease in resilience will be accompanied by an 

increase in stability.  
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Figure S5. With an increasing dilution factor, statistical indicators calculated over either 

the entire ensemble or a subset of populations showed similar trends. Population density and 

statistical indicators based on the entire ensemble of 48 replicate populations in a deteriorating 

environment with (A) an increasing dilution factor or (B) decreasing sucrose concentration. In 

Fig. 1, a subset of 20 replicate populations was used to calculate the indicators after excluding 

the populations on the edges of 96-well plates. Conventions for symbols and confidence intervals 

are the same as defined in Fig. 1. 
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Figure S6. With decreasing sucrose concentrations, statistical indicators calculated over 

either the entire ensemble or a subset of populations showed similar trends. Comparison 

between statistical indicators calculated using all the replicate populations (dark magenta 

triangles) and using a subset of populations (light magenta circles, data shown in Fig. 2 and S2) 

for conditions with fixed sucrose concentrations. In the subset of populations, some wells on the 

edges of 96-well plates or displaying large jumps of population density (>2×104 cells/μl) 

between subsequent days, presumably caused by pipetting errors, were excluded.  
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Figure S7. Relation between stability and resilience in a toy model with a cubic potential. 

(A) 3 2(x)V x xα β= − is the effective potential. This model has a transcritical bifurcation at 

0 0β = . (B) Contours of resilience and stability in the parameter space of ( , )α β . We illustrate 

wo scenarios of environmental deterioration before reaching the transcritical bifurcation: 1) a 

decrease in β with fixed α . This would lead to a decrease in both stability and resilience. 2) an 

increase in α followed by a decrease in β . In this case, when α  is changed, resilience decreases 

while stability remains constant (i.e. zero correlation). (C) The response of the system to 

different environmental changes can be visualized as different paths on the stability-resilience 

diagram. In the second scenario, as the environment deteriorates the positive correlation between 

stability and resilience does not always hold. 
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Chapter 5: Concluding remarks 

Population collapse and catastrophic thresholds in many complex systems may correspond to a 

tipping point in the system (1), i.e. a fold bifurcation in the language of nonlinear dynamical 

systems theory (2). Theory predicts that in the approach of tipping points a system would 

recover more slowly from perturbations, a phenomenon known as critical slowing down. Thus, 

we may be able to forecast an upcoming catastrophe by measuring how a system responds to 

perturbations. This gives hope to developing a toolbox of generic early warning signals before 

tipping points (3).   

My thesis research has combined theory in critical transitions with experimental 

microbial systems to investigate the spatio-temporal dynamics before population collapse. In 

particular, I have demonstrated that a set of warning indicators based on critical slowing down 

can be used to assess the fragility of populations. 

In Chapter 2, we used laboratory yeast populations to demonstrate the direct observation 

of critical slowing down before population collapse caused by a catastrophic fold bifurcation (4). 

In Chapter 3, we extended the analysis of time-series data to spatial distribution of populations.  

We propose a generic indicator based on deterministic spatial patterns, recovery length (5). As 

the spatial counterpart of recovery time, recovery length is defined as the distance for connected 

populations to recover from perturbations in space. In our experiments, recovery length increased 

substantially before population collapse, suggesting that the spatial scale of recovery can provide 

a superior warning signal before tipping points in spatially extended systems. 

In a follow-up collaboration, we probed the dynamics of an experimental producer-

freeloader ecosystem as it approached a catastrophic collapse and found that the collective 

141 
 



ecosystem dynamics slow down as the tipping point is approached (6). Analysis of the coupled 

dynamics of interacting populations may therefore be necessary to provide advance warning of 

collapse in complex communities. 

Our current toolbox of early warning signals before critical transitions has seen both 

successes and failures. Understanding the limitations of these indicators is crucial for application 

in real-world scenarios. In Chapter 4, we explored the population dynamics of laboratory yeast 

under different forms of environmental deterioration. We found that the performance of early 

warning signals under different environmental drivers is determined by the underlying relation 

between stability and resilience. This work presents a framework to evaluate the detectability of 

early warning signals, and it sets a foundation for further studies on how dynamical systems 

respond to environmental changes. 

Given that early warning signals can be observed in ecosystems, a practical issue is how 

we should use them to assess the extinction risk and adjust environmental management. In many 

ecosystem management strategies, the focus is on the prevention of perturbations such as 

droughts and disease outbreaks. These strategies are expensive and often unsuccessful, as 

disturbances are a natural component of the ecosystem. The new insight from research on 

ecological thresholds is that our efforts to reduce the risk of unwanted ecosystem shifts should 

instead focus on gradual changes that may reduce the resilience of the ecosystem. For example, 

instead of devoting a lot of resources to minimizing the devastating effects of an oil spill, it may 

be more effective to monitor the ecosystem’s change in resilience over time and make sure that it 

is stable against possible influences caused by stochastic events like an oil spill. 
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We still know little about how the increase of warning signals reflects the degree of 

resilience loss. Our experiment in a controlled microbial system has quantitatively mapped this 

relationship and provided a foundation for further studies on how we may use these indicators to 

evaluate the resilience of a system. 

The ongoing research of catastrophic shifts in ecosystems has profound consequences for 

the environment and sustainability. I expect that the experimental demonstration of early 

warning signals before sudden population collapse will shed light on critical transitions in more 

complex systems ranging from natural ecosystems to human microbiome. Furthermore, I hope 

that my work will aid in the eventual application of early warning signals to ecosystem 

management and conservation. 
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